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PART  I 
GENERAL  REPRESENTATION  THEORY  OF  LIE  ALGEBRAS 

1.      Universal  Enveloping  Algebra. 

Def .     Let     K     be  a  commutative  ring  with     1.     A  Lie  algebra  over     K 

is  a  K-module     L     together  with  a  bilinear  map  of     L  X  L >  L 

(denoted  by   (x,y)   — «— ->  [x,y])   such  that 

(i)        [x,x]     =     0 

(ii)       |x,[y,z]]  +  [y,[z,x]]  *  [z,[x,y]J     =    0     for  all 

x,y,  z     in     L. 
(ii)     is  known  as  the  Jacobi  identity. 

Let     T     denote  the  tensor  algebra  over  the  K-module  of    L     and 
let     I     denote  the  two-sided  ideal  of     T     generated  by  all  elements  of 
the   form     xQ<)  y  -  j(k)  x  "  i^fjl    with     x,  y  in    L.     The  factor  algebra 
U  =  T/[     is   called  the  universal  enveloping  algebra  of     L. 

Let     M    be  a  unitary  K-module  and  let     E(M)     be  the  K-algebra 
consisting  of  all  K-endomorphisms  of     M.     An     -module  structure  on     M 

is  a  linear  map    ^  t     L >  E(M)     such  that  >/^[x,y]  =-/^(x)  ^rij)   - 

y{j)  y^i'x)     for  all     xsY    ^n     !»•     When  ^/^    is  extended  in  the 
canonical  fashion  to  a  unitary    K-algebra  homomorphism  of     T     into 
E(M)    (still  denoted  by  ^£  )     ^e  shall  evidently  have  /> (I)   =  (0). 
Hence  f^     induces  a  unitary  homomorphism  of     U     into     E(M),   i.e. 
M    now  has  the  structure  of  a  unitary  U-module.     It  is  clear  from  the 
definition  of     U    that  we  obtain  in  this  fashion  a  one-to-one  corres- 
pondence betitfeen  L-module  structures  and  unitary  U-module   structures. 
(The  importance  of  the  universal  enveloping  algebra  lies  in  this  fact.) 
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If  M  is  any  L-module  or  U-module,  m  €L  M  and  x€s  L  or  U, 
we  shall  denote  by  x.m  the  transform  of  m  under  the  endomorphism 
of  M  corresponding  to  x. 

Theorem  1,  Suppose  L  is  free  over  K  and  let  (x. )  be  a  simply 
ordered  free  K -basis  of  L.  Let  u.  be  the  canonical  image  of  x. 
in  U.  Then  1  and  the  ordered  monomials 


u„.   „ . .  u  •    with  in  <  „  * .  <  i. 
n 


4      ...    u±_  ^    ...    ^ 


constitute  a  free  K-basis  for     Uc 

Proof t     (iwasawa,   Cartan-Eilenberg)     It  is   easy  to  see   (by  an  evident 
"straightening"  procedure)  that  the  ordered  monomials,   including  the 
empty  monomial     1,   span     U     over     K     so  that  it  suffices  to  show  that 
they  are  free  over     K.     In  order  to  see  this,  we  shall  define  the 
structure  of  an  L-module   (and  hence  that  of  a  U-module)   on  the  symmetric 
K-algebra     S     built  over    L.     S     is  the  factor  algebra  of     T     by  the 
ideal  generated  by  the  elements     x^V  -  y£^)x    with     x,  y  ^    L. 

We  may  identify     S     with  the  algebra  of  ordinary  commutative  poly- 
nomials in  the  basis  elements     x.     with  coefficients  in     K.     Thus  we 
identify    L     with  its  canonical  image  in     S.     Denote  by    S       the  sub- 
module  of     S     consisting  of  all  polynomials  of  degree  <    p.     If     J  = 

(Ji9    •••*   3   )     ^-s  anJ  se^  °^  indices,  we  shall  abbreviate     x.      ..„  x. 
n  31  °n 

by     X.    .     We  write     j  <  J     to  mean     j  <  i       for  all     i        in     J.     We 

%j  5S  .  —         sr  XT 

shall  define  an  L-module  structure  on     S     such  that 

(1)  If     j  <  J     then     x..xT     =    x.x 

(2)  If     x  €.  L     and     s  €.  S       then     x.s  -  xs  €.    S ■  • 

The  definition  will  be  made  inductively  on     q.     For     q  =  0     the 
operation  of    L     on    S     =  K     is  forced  by  (1);   in  fact,   the  operation 
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of  x  €L  L  is  simply  multiplication  by  x  so  that  (2)  is  trivially 
satisfied.  Now  suppose  that  the  operation  of  L  on  S   has  already 

4. 

been  defined  for  some  q  so  as  to  satisfy  conditions  (1)  and  (2)  and 
also  such  that  the  commutator  conditions 

x.(y.s)  -  y.(x.s)  =  [x,y].s 

are  satisfied  for  all  x,  y  in  L  and  all  s  in  St.  We  must  define 
the  transforms  x..Xj  for  Xj  S  S  -,  .  If  j  <  J  we  define 

x..xT  ~  x.xT     so  as  to  satisfy  (1)  and  (2), 
J  w      J  d 

If  j  f  J  we  can  write 9   uniquely,  J  =  (kf  u% )  with  k  <  J-,  .  Then 

j  >  k.  By   the  inductive  hypothesis  we  have 

xy\  "  xfj^  sq 

so  that     x,  #(x..xT       -     x.xT  )     is  defined.     Me  put   (forcing  in  the 
commutator  condition) 

then  condition   (2)   is   evidently  satisfied. 
Also,   these  definitions  evidently  give 

xr  .   (xs.xQ)  -  xs.(xr.XQ)     =    [xr,xs].xQ 

whenever  r  >  s  <  Q  and  x^  ^s  S  (  •  Since  each  side  is  antisymmetric, 
this  holds  also  if  s  >  r  <  Q.  It  holds  trivially  if  r  =  s.  Hence, 
there  only  remains  to  prove  this  if  both  r  /£  ;  Q  and  s  /.     Q.  Then  we 
can  write,  uniquely,  Q  =  (h,  Q-y)     with  h  <  Q-,  and  we  have  r  >  h 
and  s  >  h. 

Now,  by  the  induction  hypothesis, 


=  zh'(xs\)  *V(V\-  xs\)  *  ^s'^'^ 


o 


Hence 

V^xs-xq)  =  V(V(XS\»  *  V^Vq-  -  xsxQ  ))  *  V^Vl1^  > 

**•  J-  -L 

§y  the  inductive  hypothesis  we  may  apply  the  commutator  condition  to  the 
last  two  terms.  Since  r  >  h  <  (s,  Q-j_)  we  may  also  apply  the  commutator 
condition  to  the  first  term.  Thus  we  obtain 

V<Vxq)  =  V<V(a&\»  ♦  [v^-^\i +  v(v(vxQl  -  x8\» 

=  xh.(xr.(xg.xQi))  *  txr,xh].(xs.^)  +  [xs,xh].(xr.xQi) 

*  [V  ^s^h^*^  • 

Now  interchange  r  and  s  and  subtract  the  result .  Then  we  obtain 

v^s-V  -  xs-(vV  =  v^v^s-2^) -v(v\))      * 

♦  [V  [xs>  ^h11-3^-  [xs>  [V  ^"-^  • 

Using  the  induction  hypothesis  for  the  first  term  on  the  right  side  and 
the  Jacobi  identity  for  the  remaining  two  terms  we  find 

V(xs*XQ)*V(VXQ)=Xh'([VXs]#XQ)     "     CV[Vxs3Ii\        ' 
so  that  by  the  induction'  hypothesis  the  right  side  is 

[V  XS]-(Xh'\)   =   [VX3  ]'XQ   • 

Thus  the  commutator  condition  is  satisfied  in  all  cases  and  our 
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induction  is   completed.     Thus     S     has  an  L-module  structure  satisfying 
condition   (1) .     Now   consider  the   corresponding     U-module   structure 
of     S.     Under  this  structure,  the  transform  of  the  identity  element 

1     of     S     by  the  ordered  monomial     u.      ...  u-      9     i-,     <  •«„  <  i  ,  is 

i-i      i      i  =     —  n 
■  1      n 

x.   .  .„  x.   by  virtue  of  condition  (l).  Since  the  set  of  elements  con- 

1      n 
sisting  of  1  and  x.   . ..  x.   ,  i-,  <  „••  <  i„*  is  K-free  in  S,  it 

1      n 

follows  that  the   set   consisting  of     1     and  the  ordered  monomials 

tb      «••  u.       is  K-free  in     U.     This  completes  the  proof  of  Theorem  1. 
1  n 

Notationr    T_   -  /         T1   ;     U       denotes  the  K-submodule  of     U    which 
■ . .  .  . .  .  .  ■        n      •■  --  -  n 

i<  n 

is  the  canonical  image  of  T   in  U.  This  leads  us  to  an  increasing 

l.  n  & 

filtration     of     U.   i.e.,     U    f"   U  .-, 

1    ■  "  *       n v— •     n+± 

co 

I     I     U       =UandUUOUJ_ 
\J      n  n  m  n+m 

n=0 

With  this  filtration  is  associated  a  graded  association  algebra     G 
defined  by 

G     =    5Z  ©  Gn      where     Gn     =    UnAn-1     >     u„i     =     ° 

and     V"     ©   indicates  direct     K-module  sum.     The  multiplication  on     G 

is  the  one  induced  by  that  of     U     and  has  the  property     G  G     C   G  o 

An  ideal     J     of     G     is   called  homogeneous     if     J  =  >_   ©JOG         « 

Theorem  1  evidently  implies  that  if     L     if  free  over  K,     G     is 
canonically  isomorphic  with     S« 

Lemma  1.      Let     U     be  an  increasingly  filtered  ring  and  suppose  that 
its  associated   graded  ring  satisfies  the  maximal   condition  for  left 
(right)   ideals.     Then     U     satisfies  the  maximal   condition  for  left 
(right)  ideals. 
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Proof ;  For  u  £  U,  let  [u]  be  the  smallest  index  n  such  that 

u  €.  Un  and  let  u    denote  the  canonical  image  of  U  in  Ur  -j/Ur  -i  -, 

Then  if  u,  v  S  U, 

™       if       nv    41     U[u]+[v]-l 

0         if      or   «     U[nWvI-a 

If     J     is  any  left   (right)  ideal  in     U,  we  denote  by     J     the  set  of 
all  finite   sums     ]J>T      j     in     G.     Then,  because  of  the  above,     J     is  a 

homogeneous  left   (right)  ideal  in     G. 

Now  let     S     be  any  set  of  left   (right)   ideals     J     of     U.     Choose 
J-,  €.    S     such  that     J.,      is  maximal  in  the  set  of     J     with     J  £*    S. 
Suppose     J  €.  S,     JD^  .     If     J  ^  Jn ,   choose     j  €.  J     such  that 

3   tt.    J-,      and  such  that   [j]   is  minimal.     Clearly     J     =     JL      so  that 

7     "    2Z    ^p     with     ^^    Jl     and     C-Up]      =     [J].     Then     j  -  J^    up  ^  U[j]-1  ^  J# 

But     j   -  ]>^      u     tf,    J-,      and  this   contradicts  the  minimality  of   [j].     Thus 

P 
J  =  Jn      so  that     Jt      is  maximal   in     S.   Q.E.D. 

By  the  remark  immediately  preceding  Lemma  1  we  have 

Corollary.     Suppose     L     is  a  Lie  algebra  of  finite  dimension  over  a 

field     K.     Then     U     satisfies  the  maximal   condition  for  left  and  right 

ideals. 

Lemma  2.        Let     K    be  any  commutative  ring  with     1     and     U     a     K-algebra 

with    1.     Let     A,  B     be  left  ideals  Oof     U     such  that     U/A     and     U/B 

are  finitely  generated     K-modules  and  suppose     B     is  finitely  generated 

as  a  U-module.     Then     U/AB     is  a  finitely  generated     K-module. 

Proof?     Let     u-^,    ...,   u_    €.    U     be  such  that     u-j_  +  A,    ...,  vl     +  A     span 

U/A     over     K     and     Vn,    ♦..,   v Q  €.     u     be   such  that     v-j_  +  B,    ...,  v     +B 
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span  U/B  over  K  and  let  b^,  . ..,  b   span  B  over  U.  Then 

U  =  Kv-,1  +  . .  .  +  Kv   +  B 

=  Kv^  +-♦..#  Kv  +  Ubj_  *  ...  *■  Ubr 

=  Kv-j_  +  ...  *  Kv  *  (Ku-j^  +  ...  *  Ku  )h1  +   ...  +  (Ku-j_  *  ...  +  Kti  )b   +  A 

so  that  the  cosets  of  v-^,  ...,  v   and  u-,b-,,  ...,  u^b   span  U/AS  over  K. 
Notation:  If  V  is  a  vector  space  over  a  field  K  and  S  is  a 
subspace  of  V  then  codim  S  (codimension)  is  the  dimension  of  V/S 
over  K. 

Now  from  Corollary  1  and  Lemma  1  and  2  we  have 
Theorem  2.   Let  L  be  a  Lie  algebra  of  finite  dimension  over  the  field 
K  and  let  U  be  the  -universal  enveloping  algebra  of  L.  Then  U 
satisfies  the  maximal  condition  for  left  (right)  ideals.  Further,  if 
A  and  B  are  left  (right)  ideals  of  finite  codimension  then  AB  also 
has  finite  codimension. 

2.  Nilpotency  and  Solvability. 

Notation:  If  A  is  an  associative  algebra  over  a  field  K  and  if  S 
and  T  are  subspaces  of  A,  then  [S,T]  denotes  the  subspace  of  A 
spanned  by  the  elements  st  -  ts  for  all  s  €.  S,  t  £1  T* 

If  x  is  an  element  of  A  such  that  x   -  0  for  some  integer  n 
then  x  is  called  nilpotent;  an  ideal  J  is  called  nilpotent  if 
tP  =  (0)  for  some  integer  k  >  0.  Hence  if  A  is  a  finite  dimensional 
associative  algebra  over  K  then  the  sum  of  all  nilpotent  left  ideals  of 
A  is  a  nilpotent  left  ideal  containing  every  nilpotent  ideal.  This  is 
called  the  radical  of  A. 
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Lemma  3.     Let     A     be  a  finite  dimensional  associative  algebra  over  a 
field     K     of  characteristic     0     and  let     R    be  the  radical  of    A. 
Let     S     be  a  subspace  of     A.     Then  if     z  ^   [S,A]      is   such  that 
[(z),  A]    O  R*     z     is  nilpotent. 

Proof  t    We  have     z(sa  -  as)   =  [z,s]a     *     (sza  -  zas)     for  all     a   £L     A* 
s  S.     S.     Thus     z[S,A]  CZ  [S,A]      +     R     and,  by  induction  on     k,  vie   see 
that     z  £L    [sjA]     +    R     for  every    k  >  0<>     For     c  ^=.    A,  we  denote  by 
T.(c)     the  trace  of  the  endomorphism  of     A     consisting  in  left  multi- 
plication  by     c.     Then     T.(z   )      =0     for  all     k  >  0     since  the  trace  of 
commutators  and   nilpotent  elements   is     0. 

There  is  a  positive  integer     n     such  that     z  A     -     z       A     and  we  let 
B     be  the  subspace  of  all     a  ^    A     such  that     z  a     =0     for  some     k.     Then 
A     is  the  K -direct  sum  of  znA     and     B     and  further,     znA     and     B 
are  stable  under  left  multiplication  by     z.     Thus 

T.(zk)     =   T        (zk)     *  TR(zk)  for  all     k  >0  • 

.  z  A 

But     z     is  nilpotent  on    B     so  that 

T„(zk)     =    T        (zk)  for  all    k  >  0  . 

^  n. 

z  A 

Let  ?L  be  the  left  multiplication  by  z  on  z  A  and  let 
t  +  c-,t"*'+...  +  c   be  the  minimular  polynomial  of  e  •  Since  cE  is 
an  automorphism  of  z  A  ,  c  /  0  .  Now  we  have 

0  =  T(^m  +  ...  +  c0)  =  T  n  (zm  +  ...  +  cQ) 

3  A 

=  c  dim  (z  A)  • 
o 

Hence     znA     -     0     which  means  that     z     is  nilpotent  on     Z     and  hence  nilpotent. 


■-■ 
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Def •     Let     K     be  a  field  of  characteristic     0.     If     M    is  an  Rnnodule 
where     R     is  any     K-algebra,   then     M     is   called  semi -simple     if  every 
R-submodule   of     M     is  a  direct     R-module  summand  of     M. 
Def.     Let     L     be  a  Lie  algebra.     The  center  of     L     = 

=  ix  6.  L  |    [x,y]   =0     for  all  y  £   L    &   . 

Theorem  3>     Let     L     be  a  lie  algebra  of  linear  transformations   of  a 
finite  dimensional  vector  space     V     over  a  field     K     of  characteristic 
0.     Suppose  that     V     is   semi-simple  as   an  L-module  and  let     C     be  the 
center  of     L.     Then     [L,L]    f\  C  =  (0),   L/C     has  no  abelian  ideal,   and 
every  element  of     C     is  a  semi -simple  linear  transformation. 
Proof;       Let     A     be  the  associative  algebra  of  linear  transformations   of 
V     that  is   generated  by    L     and  the   identity  transformation.     Then     V     is 
semi-simple  as  an  A-module.     It  follows  that     A     has  no  non-zero 
nilpotent  left  ideal.     (Otherwise     A     has  a  left  ideal     B  /  0     such  that 
B       =0.     Then     B„V     is  an  A-subrnodule  of     V     and  hence     V  =B.V  (+)  ¥ 
where     W     is  an  A-submodule.     Clearly     B.MO   B.V   OW  =  (0) .     Thus 
B.V     =    B2V     +     B.W     =     (0)      so  that     B  =  (0)*) 

Let     Z     be  the  center  of     A.     Then     CCZ  and,  moreover,     Z     has 
no  non-zero  nilpotent  elements.     It  follows  that  the  associative  algebra 
generated  by  an  element     c     in     C     is  a  direct   sum  of  fields.     Hence 
c     is   a  semi -simple  linear  transformation, 

A([A,A]   fl    Z)C  [A,A]    Pi  Z      so  that     [A, A]    H  Z     is   a  subalgebra 
of     A.     By  Lemma  3,   every  element  of     [A, A]  f~\  Z     is  nilpotent.      Hence 
[A,A]   O    Z     =     (0)      and  a  fortiori,    [A,A]    O  C     =     (0). 
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Let     J     be  an  ideal  of     L     such  that     [J,J]  C  C.     Then 
[J, J]  C  [L,L]    H  C     so  that     [J,J]     =  (0),  whence     [L,J]     is  abelian,, 
By  applying  Lemma  3  (with     S   =  J)  we  see  that  every  element  of     [L,J] 
is  nilpotent.     Hence  it     follows  that  the  associative  algebra     B     generated 
\>Y     [L,J]   is  nilpotent.     Since     [L,J]     is  an  ideal  in     L, 
ABC    BA     +     Be      (In  fact   it  suffices  to  show  that   for     a   ^L    L, 
aB  CL  Ba     *     B     and  this  is   seen  by  writing  the  elements   of     B     as  poly- 
nomials in  the  elements  of     [L,J].)     By  induction  on     k, 
(AB)    CZ  B  A     +■    B       for  all     k  >  0     whence     AB     is  a  nilpotent  ideal  of 
Ao     Thus     AB  =   (0)      so  that     B   =  (0),  i.e.,     J  CZ.     C.  QoE.D„ 

Define     Lj     =     L,     L2     -     [L,L],    ocoS  Li+1     =     [Li,  L±] .     L     is   called 
solvable     if     L       =0     for  some     n.     Note  that  if     L     -,    ^  (0),   L       =   (0), 

•  '  ^      ^.^'H     -■■*■»   in  VJ.  JUL**.!.  XI 

then     L     -,      is   a  non-zero  abelian  ideal  of     L. 
n-1 

Theorem  h.        (Lie).     Let     L     be  a  solvable  lie  algebra  over  a  field  of 
characteristic     0o     Then  every  finite  dimensional,   semi -simple     L-module 
is  annihilated  by  [L,  L]    0 

Proof  t     Let     M     be  such  a  module;   then  the   image     L     of     L     in  the  glgebra 
of     K-endomorphisms  of     M     is  a  solvable  Lie  algebra  of  linear  transform 
mations  of     M.     Let     G     denote  the  center  of     L  «,     Then3   since     L     is 
solvable ,  so  is     L/C  „     By  Theorem  3     L/C       has  no  abelian  ideals  whence 
L/C     =     (0),  i.e.     L     =     C   •     Thus     (0)   =  [L   ,  L].M     =     (L,L].M  .  Q.E.D 

Def .     Let     L     be  a  Lie  algebra  and     M     and  L-module «     We  say  that  a 
subset     S     of     L     is  nilpotent  on    M     if     S   .M     -  (0)      for   some     n  >  0   . 
Lemma  iu       Let     M    be  an  L-module,     S     a  subspace  of     L    which  is  nilpotent 
on     M.     Let     x  €.  L     be   such  that      [x,S]  O  A     and     x     is  nilpotent  on     Mo 
Then  the  subspace  spanned  by     x     and     S     is  nilpotent  on    M0 
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Proof  t     There  exist  integers  p  and  q  such  that  SP.M  =  (0)  ,  x^.M  =  (0). 
We  claim  that  ((x)  +  S)1  iM  =  (0).  Consider  (in  the  universal  enveloping 
algebra  of  L)  a  monomial  u-,»..u    where  each  u.  is  either  ^  S 

x     pq  1 

or  =  x.  For  s  €1  S,  sx  =  xs  +  [s,x]0  Hence  u,  oc.u    can  be 

i 

written  as  a  sum  of  monomials  of  the  form  x  S   where  r  =  0,1,  , , , 
and  t  is  the  number  of  indices  i  for  which  u .  G.  S6     Hence 
u-i,,.^  Jvl  =  0  unless  t  <  pc  But  if  t  <  p,  there  must  be  an 
index  i  such  that  Uj!.-.,  •••>   ui+a  are  a^  equal  to  x  because 
there  are  pq  -  t  >  p(q-l)  elements  x  in  the  t  +  1  <  p  intervals 
not  containing  elements  of  S.  Thus  we  have  again  uv  •  •'lV)a»^  =  (0). 
Theorem  U,   (Engel) .  Let  L  be  a  Lie  algebra  over  a  field  K  and  let 
M  be  an  L -module  of  finite  dimension  over  K.-  Suppose  that  every 
element  of  L  is  nilpotent  on  M,  Then  L  is  nilpotent  on  M. 
Proof?  For  x  €E.  L  we  denote  by  D   the  linear  endomorphism  (actually 

n*t  j  ii  j  n  j  j^ 

a  derivation  by  the  Jacobi  identity)  defined  by    D   (y)   -  [x,y] •     Let 

L1     be  the  image  of     L     in  the  endomorphism  algebra  of     M.     Then  for 

every     x*  £=    L?,  D^  ,      is  nilpotent.     In  fact,  rfjf(y!)      is  a  sum  b£ 

x  x 

terms  (x* )  yf(x!)   whence  D  .  =  0  for  sufficiently  large  m« 
Hence,  replacing  L  be  L!   if  necessary,  we  may  assume  that  L  is 
finite  dimensional  and  that  D   is  nilpotent  for  every  x  ftp.    L, 

We  proceed  by  induction  on  the  dimension  of  L.  Let  H  be  a 
subalgebra  of  L  having  the  largest' possible  dimension,,  By  the  induction 
hypothesis,  H  is  nilpotent  on  L   (where  the  endomorphism  of  L  corres- 
ponding to  an  element  x  6E.  H  is  D  ) .  It  follows  that  there  is  an 
element  y  €=  L  such  that  y  d=_  H  but   [ll,y]  d  H.   Now  since  H  and  y 
are  nilpotent  on  M  it  follows  from  Lemma  h   that  H  +  (y)  is  nilpotent  on  M. 
Also,  H  +  (y)  is  a  subalgebra  of  L  and  must  therefore  coincide 
with  L  by  the  maximality  of  H.  Thus  L  is  nilpotent  on  M.  Q.E.D.. 
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Theorem  £>   (Cartan).     Let     L     be  a  Lie  algebra  of  linear  transformations 
of  a  finite  dimensional  vector  space     V     over  a  field  of  characteristic 
0.     Suppose    T(xy)    =  0     for  all     x,y  6  L   (T(x)   =  trace     x).     Then 
L    is  solvable. 

Proof::    We  may  assume  that     K     is  algebraically  closed.     To  see  this, 
let     K     be  the  algebraic  closure  of     K     and  let     L  =  L(Et  K     operate  on 
"V®KK     in  the  obvious  way.     Then  T(xy)     =  0     for  all     x  ",  y  ^.    L  »     Now 
note  that  if     L    is  solvable 9     L    is  solvable. 

We  proceed  by  induction  on  the  dimension  of     L.     The  theorem  is   trivial 
if  this  dimension  is     0     or     1,    and  we   choose  a  proper  subalgebra     H 
of  maximal  dimension.     Then     H     is   solvable  by  the  induction  hypothesis. 

Consider  the  H-module  whose  underlying  space  is  that  of     L/H.     Let 
M     be  an  H-submodule  of     L/H     of  minimal  possible  dimension.     Then    M 
is  a  simple     H-module  and  this,  by  Theorem  k9   [H,   H].M  =  (0) .     Applying 
Schuer*s  Lemma  we   see  that   every  element  of     H     operates  on     M     as   a   scalar 
multiple  of  the  identit}^  whence     M    is   one  dimensional.     Hence  the  inverse 
image  of     M     in     L     has  the  form     H  +   (y)      and  further,   is  a  subalgebra 
of     L.     But     H     was  maximal   so  that     H  +  (y)   =  L. 

There  is  a  linear  functional     u-     on     H     such  that   [x,y]   -  n(x)ye.  H 
for  all     x    ^    H. 

Let     W     be  any  non-zero   simple     L     module  and  let     ¥       be  a  non-zero 

simple     H-submodule:     W     =  Ke      .     Put     e.   -,   —  y.e.      for     i  >  0     and  set 
1  *       o  o  l+l       J     x  _ 

W.   =  Ke       +     Ke-,    +   ...   +  Ke .    .     For     x  &_    H, 

a        o  i  3 

x.ei+1         =    x.(y„ei)   =- y.(x0e±)     *     [x,y].ei 
=     y.   |(x.ei)   +     Kx)ei|  +  x'  .e± 

with    xT   £=.    H. 
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Ilencc  we  see  by  induction  on  ,i  that  each  W.  is  H-stable.  Let 
x.e  -  X(x)e   for  all  x  €•  H.  We  claim  that  for  every  x  ^-  H  and 
every  j, 

x.e..  -  (X(x)  +  j[i(x))e^e  W^  ,   (W^  =  (0)). 

Now  for     j   =  0     this  is   clear.     Suppose  this  true  for     i.     Then 
x.ei+1  -  (X(x)     +  ■  (i  +  l)|i(x))ei+1 

=    y.[x.ei     +  M-(x)ei  -  (\(x)     +  (i+l){i(x))eil     +  x'^ 


r.[x.ei     -  (Mx)     +  i^(x))ei]     +  x!.ei 


£    y.W.^     *    N.cC    ¥.       . 

Let  q  be  the  largest  i  such  that  e  9   .  ..5  e-  are  linearly 
independent.  Then  ¥   is  an  L-submodule  of  ¥.  But  ¥  is  simple 
so  that  ¥  =  ¥#  Hence }   for  x  ££.  H, 

Ty(x)  =  (q+I)  X(r)  *  a£§*ilp.(x). 

¥e  may  assume     L  =  [L,L]     since  otherwise  the  theorem  follows  from 
the  induction  hypothesis.     Therefore  every  element  of     H    is  a  sum  of 
commutators  so  that     TT.7(x)   -0     whence     Mx)   -  1  -  -k  M-(x).     Hence 

x.e..  -  ( 3  ~  §)   ^(x)   e^  e    T^al 
for  all     x  >e    H     and  all     0  <  j  <  q5   and 

T,r(x2)      -    ZI  (J   "  |)2  t*C*)2 


0  2' 


(for  any  simple  L-module  ¥) 
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Lot     v  *  VQ  3  V-!  3    ...3  \  =  (0)     be  a  composition  series  for  the 
L-module     V«     Applying  the  above  result  to  the  simple     L-modules 


k-1       qi 


Z\     -     \        \         /,       31  .  \2    ../_%2 


*V±/V±+i     we  obtain 

T^fr     j=0  2 

where     q±  ^  dimC^/T^)  -  1.     If     ii(x)   =  0     for  all    x  e    H,  then 

[L,L]  ci   H     contrary  to  our  assumption  that     [L,L]   =  L„     Thus     |-i(x)   /  0  . 

Therefore  ,    n       q. 

k-1       jx 

whence  each     q.   =  0   .     This  means  that  each    V./V.   ,      is  one  dimensional . 
Since     L  =  [L,L],     Tv(u)     =  0     for  all     u  ^L    L    whence     L     annihilates 
each    VjA-l+i*  i»e»*  L.V.  d  Vn-+T    •     Hence  if     u~,    ..„,  u.    ^1    L,  then 
u~.9„u.„V  =0,   i.e.,  u-,,..u,    -  0   .     Hence     L     is   solvable.  Q.E.D» 

3o     Semi-s implicitya 

Henceforth  the  basic  fields  for  the  Lie  algebras  and  vector  spaces  we 
discuss  will  be  implicitly  assumed  to  be  of  characteristic     0« 
Def ,     A  Lie  algebra  is  called  semi-simple  if  it  has  no  non-zero 
abelian  ideal. 

Remark t     It  is  clear  that     L     is  semi -simple  if  and  only  if     L     has  no 
non-zero  solvable  ideal. 

Def „     An  L-module     M    is  called  semi-simple     if,  for  every  submodule     N 
of     M    there  is  a  submodule     Q     with 

M     =•    N  +  Q  ,     N  H  Q     =   (0) . 
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If  S  is  a  representation  of  L,  we  define  the  trace  form  f^ 
of  .p   by 

lp>   (x,y)  -T(^(x)^(y)). 
Then,  as  is  easily  verified  by  direcy  computation 

f/>i([x,y],  z)     *    f/j  (x5[y5z]) 


L  pA  U*»yj*     *)        =       ±0 


■UW*        W  *'  ■*  !!■*      I 


Theorem  6.     Let     L    be  a  semi-simple,  finite  dimensional  Lie  algebra* 
Let  Z3  be  a  faithful  (i.e.  kernel  of  >/^~  0)  finite  dimensional 
representation  of    L.     Then  the  trace  form     f^j        is  non-degenerate.     If 
the  trace  form  of  the  adjoint  representation  is  non-degenerate,     L    is 
semi -simple,. 

Proofs    Let     H    be  the  set  of  all     x    in    L     such  that     f/D  (x,y)   -  0 
for  every    y    in     L*     By  the  remark  before  the  theorem,     H    is  an  ideal 
in    L,     Theorem  %9  applied  to,/^(H),  yields  that     H     is  solvable. 
Since    L     is  semi-simple,  it  follows  that     H  =  0.     Therefore,     t/) 
is  non-de generate*, 

Now  suppose  that  the  trace  form  for  the  adjoint  representation  of 
a  Lie  algebra    L     is  non-degenerate.     Let     A    be  an  abelian  ideal  of 
L.     Take     x    in    A,  y    in     L    and  consider    D  D   0     This  maps     L 

y 

into    A     and    A     into  (0),  so  that     T(D  D  )  *  0.     Since  this  holds 

for  all    ye.    L,  it  follows  that     x  =  0.     Thus     A  »  (0>o 

Theorem  7»     If    L     is  semi -simple  then  the  adjoint  representation  of 

L     is  semi-simple  and     L    =  [L,L], 

Proofs    Since    L     is  semi-simple,  its  center  is  (0)  whence  its  adjoint 

representation  is  faithful.     Hence,  by  Theorem  6,  its  trace  form  is 
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non-de generate.    Let    I    be  any  ideal  of    L    and  let    J    be  the  set  of 
all    x^  L    for  which    T(D  D  )  ■  0    for  all    y€.  I.     J    is  an  ideal  of 
L    and    in  J    is  solvable  (by  Theorem  5>)  and  hence  is  (0).     As  a  sub- 
space  of    L,  J     is  defined  by  a  system  of    m    linear  homogeneous  equations.; 

where    m    is  the  dimension    of     I.     Hence    dim(j)  >    dim(L)  -dim(l)0 

m 

Since    IO  J  ■*  (0)#  this  implies     L  *  I  +  J  • 

Now    L  ~  [I^L]  ♦  J    where     J    is  an  ideal  and    Jrv[L,L]  »  (0). 
But  then    $CL  center  of    L    which  is   (0).     Thus     L  •*  [L,LJ.     Q.EJD* 

We  are  now  going  to  define  the  Casimir  operator  for  a  representation 
of  a  semi-simple  lie  algebra. 

Let    L    be  a  semi -simple  finite  dimensional  lie  algebra  and  _y^  a 
finite  dimensional  representation  of    L.     Let  ,  P    be  the  kernel  of  *S&   . 
Then    L  ■  P   ©  Q     (direct  sum)  with    Q     an  ideal,     Q     is  actually  unique 
for  if    Q1     is  another  ideal  so  that    P   ©  Q,  ■  L,  then     [Q,,  Q^J  C. 
[Qn#  P©Qj  *  iQqj  Q]  C  Q.     Since     L  -  [L,L]     and  since    Q-     is  a 
direct  ideal  summand  in    L    we  have    Q-,   *  [Q-,  Q-]#     Hence    Q*  CI     Q» 
By  symmetry,  Q^  -  Q. 

Now  ^  induces  a  faithful  representation  of    Q    and    Q    is  semisimple 
because  an  ideal  of    Q     is  an  ideal  of    L.     Hence  the  trace  form    f 
of  this  representation  is  non-degenerate.     With  each    u  ■  ]jj>~     xi©  ^i 
in    Q  (X)  Q    we  associate  the  linear  transformation    u      of    Q     such  that 

(The  existence  of  the  map    u  -— >  u      is  an  evident  consequence  of  the 
mapping  property  of  the  tensor  product.)     The  map     u  — >  u      is  a 
monomorphism.     In  fact,  if    74,   ...,  yn    is  a  basis  of    Q,  then  each 
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n 


u  €.  Q  (*)Q     can  be  written    )        *.  £T)  y.    .     If    u*  «  0    then 


n 


f(z,  x.)yi  -  0    whence     f(z,  x.)  =*  0    for  all     z     in    Q,  i  -  1,   . ..,  n 
Since     f    is  non-degenerate,  Xj=  0    whence     u  «  0.    Since 


dim(Q(5jpQ)   «  dim(HomK(Q,Q)) ,  it  follows  that  this  map     u 


— >  u      is 


an  isomorphism  of    Q@Q     onto  HoiiuCQ^Q).     Hence  there  is  one  and 

Q     such  that     u£    is  the  identity  maps    Q  ~«>  Q  «, 
Suppose     U,  V    are    L-modules9     We  make     U^^V    into  an  Lnnodule 
such  that 

x»(u®  v)  «  (x.u)  @  v  *  vl®  x.v 
In  this  sense,  regard    Q  /)£)  Q     as  an  L-module.    We  claim    L0u^     »0  „ 
Since     P    annihilates     Q  g)  Q5   it  suffices  to  show  that     QoU/>    -  0  • 
Write    u^        **   SI    xi®y±    an(^  ^alce     z     in    Q©     Then 

z^    *  21  K^®^  *  SI  xi®^z^iJ  • 

Hence  for    x  £    Q, 

(z.u^    )*(x)     m    *£Z    (f(xs>   Cz*  x-3)  y±    *    f(x5x±)[z5  y±J 

i 


/_,    f(te,  zl*  x±)  y±      +     [a,  x] 


*    [x,  a]  *  [z,  x]     «  0  o 

Thus     (z,ti^    )       **    0    where     z.u^       *  0  „ 

u^       is  called  the  Casimir  element  of^    in    L  Q^)  L„ 
Let     C^       be  the  canonical  image  of     uv?         in  the  universal  enveloping 
algebra    U(L)     of    L     under  the  canonical  mapt      L  Q)  L  —  ->  U(L) 
(    2^     x.  Ah  y. '— >•    2Z    ^^i^     -^     U(L)     is  considered  as  an  L-module 
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such  that     x.u  ■  xu  -  ux    for  all     x  e   L,  u  :;.    U(L) ,  then  the  canonical 

map    L  (x)  L  "~*~>  U(L)     is  an  L-module  homomorphisri  .     Hence     C/3      lies 

in  the  center  of    U(C).     Evidently     C/)        also  lies  in    LU(L)a 

Co         is  called  the  Casimir  element  of  y°    in  the  universal   enveloping 

algebra.       We  still  denote  by  y0    the  canonical  extension  of  ^  to  a  unitary 

representation  of     U(L).     Then  yQ   (Cyc?  )     is  called  the  Casimir  operator  of  /? 

Since     C/>      lies  in  the  center  of     UCL),     Z>(C/?  )     commutes  with  every 
L-operator  on  the  representation  space  of  jO    „     We  claim  that  if  jO  jl  09  then 

p{Gp    )     is  not  nilpotent.     Let     v-,,    et.f  y       be  a  basis  for     Q     and  write 
n 

uy°    =    *£Z  *±(x)  7±  •     Then 

Thus     T(/>(cp    )=    £~    T(yO(Xi)yD  (y^)     =    £~    f(xi(  7i)    . 

Since    u>)    is  the  identity ^ 


n  # 


£JT    f(yj>  ^i     =     V(yj}   =yj  ' 


n 
Thus     f(y.,  x.)     =     5..    .     Hence     T""f(x^,  ys )   =  dim  Q„ 

Therefore     T(  yO(c#    ))    =  n  /*  0     so  that    ft{£p     )     cannot  be  nilpotent. 
Theorem  8,     Let     L    be  a  finite  dimensional  semi -simple  Lie  algebra. 
Then  every  finite  dimensional  representation  space  of     L     is  semi -simple. 
Proof:     Let     M     be  a  finite  dimensional     L-module  and  let 

M    =     MQ  3  %Z3    ...   U\  ■»  (0) 

be  a  composition  series  for     M,     Then  each     L-module,     %/%+!       ^s 


Now  is  the  -,rt 


is  either  one  dimensional  and  trivial  or  is  siitple  and  non-trivial. 

Let     0 -  <  i    <  . . .  < :  1    <  n-1     be  the  indices     i     for  which    H« /%+1 

is  non-trivial  and  let    Ya     be  the  CasiraLr  operator  of  the  representation 

of    L     in    K   fin.         ,     Then  each    Ya     ^s  an  L -automorphism  of     H*   /&         . 
q       q+1  q  q       q+1 

Let     f  (x)^  K[x]     be  the  minimum  polynomial  of    y      normalized  so  that 
the  constant  term  is     1.     Let     c       be  the  Casimir  element   (in  the  uni- 

q 

versal  enveloping  algebra)     of  the  representation  of    L     in    K   /IL  and 

q     q+i 

put  d  *  f  (c  )  -  fQ(0)  *  ^a(ca)  "  1#  ^hen  da  ^s  a  non-zero  element 
of  LU(L)L,  lies  in  the  center  of  U(L)  and  1  +  d   annihilates 

^  /M±   ■  (1  *  d  -  f  (c  )  — >  f  (Y  )  *  0).  Hence,  if  x^  ...,  x^^ 

q   q+1      n    n 

are  arbitrary  elements  of  L,  x.  ...  Xn^^iC!***©)  •••  0-  *  \)   annihilates 
M.  Since  L  =  [L,  L],  every  element  of  L  can  be  written  (in  U(L)) 
as  a  sum  of  products  of  n-m+1  elements  of  L.  Hence  L(l*dQ)  ...(1  #  dm) 
annihilates  M.  Thus 

(1  +  d@)...(l-iKiro).M  e  if  «  £x|x  e  M,  L.x  »  (0)  I 

which  means  that 

M    =    L.M     +■    ML     . 
Let    ¥  O  V     be  a  pair  of  L-modules  and  let     tt     denote  the  canonical 
epimorphisms    V  — >  V/tf.     Let     M    be  the  subset  of  all     f  ^.    Hom^V/W,  V) 
for  which    L.f  C   Hom^v/W,  W).     (If    A    and    B     are  arbitrary  Wodules 
we  make     HomTC(A,B)     into  an  L-<module  such  that 

(x.f)(a)     =    x,f(a)     -  f (x.a) 
for  all     f  e     HomK(A,B),     x  S.  L     and     a  e    A*) 
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'  ■       '.<«sub.mo       .'-:"       c     (   /  .      .; .     By  the  abcr  e, 
M  =  L.M    +    ;•'  .     There       ists     f£    fa    .(    4'd?)       such  that     iro.  f    is 
the  identity  map?    V/e  — o  v/.;.     If     x  £:   L,  u  €.  V/lJ     then 

nr(x.f)(u)       =       ir(x,f(u)   -  f(x.u)) 

x*trf(u)     -  nf(x.u) 

a  X.U    -    X.U       ~       0. 

Therefore  (x.f)(V/    )  C   W     so  that     f     in  in     M.     Write     i  -  g  +  h    with 
g£    L.il,  h  e  ML.     Then     g   €.    Hcm^V/W,   .:)  whence     rroh       «    tr  ©  f       = 
identity  on    V/.J.     Also     L.h  -  0.     This  means  that     h     is  an  L-homo- 
morphismj     7A  •— >  Vj  hence     V  =  ¥  (+)   h(V/  ).  ".  E,  D, 

Theorem  9*       Let     L     be     a  finite  diemsnional  semi-simple  Lie  algebra  and 

■i ■■■jiim    ■  ■■■■■■■■  ■*■ 

let     rr     be  a  Lie  algebra  epimorphism  of     E     onto     L.     Then  there  exists 
a  Lie  algebra  monomorphism    fi  t     L  — >  E     such  that     rr  o  $    is  the  identity 
on     L. 

Proof:        .c  proceed  by  induction  on  the  dimension  of  the  kernel,     ?,     of     tt. 
If    dirn(P)   =  0     there  is  nothing  to  prove   so  we  assume     dim(P)  >  0     and 
the  theorem  true  for  kernels  of  lower  dimension.     If    E     is  semi-simple 
then,   by  Theor©    7,  E  -  ?  Q   Q     where     Q     is  an  ideal  of    E     and     n 
induces  an  isomorphis     of  onto     L.       'has    *e  way  suppose  that     E     has 

a  non-aero  abelian  ideia.     Let     A     be  a  non-zero  abelian  idela  of  minimal 
dimension.     Then     (A  +  ?)/?    is  an  abelian  ideia  of     E/P^i^L.     Thus,  since 
L     is  semi-simple,    (/.   +  P)/P  -   (0),   so  that     A  c    P. 

Suppose  first  that     A  /  P.     Then  :re  con;    doe  the  epimorphism 
tt:    E/A  -— ■>  L     induced  by     it.     The  kernel  of     tt     is     P/A    whence,  by  the 
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induction  hypothesis,   there  exists  a  monomorphism    ]?:     L  — >  E/A     such 
that     tF  o  p     is  the  identity  on     L.     Let     F     be  the  inverse  image  in     E 
of     /(L)      (  O  E/A)     with  respect  to  the  canonical  epimorphism     E  — — >  E/A. 
Since     dim(A)  <  dim(P)     it  follows  that  the  canonical  epimorphism 

^£>  :    F >  F/A  =  jrf(L)^L     has  an  "inverse"  a    rf(L) >  F     and  the 

composite^  cr  o  /,   satisfies  the  requirements,  of  Theorem  9» 

There  remains  the  case     A  =  P.     Then     P     is  abelian  and  can  now  be 
regarded  as  an  L-module  via  E,   i.e.,   ?r(e).m  -  [e,m]     for  all 
e         E,  m         P.     The  L-submoduies  of     P     are  precisely  the  ideals  of     L 
contained  in     P,     Since     dim(P)     is  minimal,     P     is  a  simple     L-module. 

Suppose  first  that    P     is  a  trivial  L-module,  i.e.,   [E,   P]   =  (0). 
Then     E     may  be  regarded  as  an  L-module  and     tt     is  also  an  L-module 
epmorphism  of     E     onto     L.     By  Theorem  7  there  exists  an  L-module 
monomorphism     fit     L  — >  E     such  that     rr  o  /  =  identity  on     L.     Since 
[E,  P]  p  (0),  <j>     is  also  a  Lie  algebra  monomorphism:     L  — ->  E     and  we 
are  done. 

There  remains  the  case  where     P     is  a  simple  non-trivial  L-module. 
In  this  case,  let     u  =  ■  ]jjT"  \®  y±  ^-  L  ®  L    te  the  Casimir  element  of 
the  representation  of     L     in     P     and  let     y     ^e  the  corresponding 
Casimir  operator,     y-    is  an  automorphism  of  the  Lnnodule     P. 

Let     f     be  any  linear  map  of    L    into    E     such  that     rrf  =  identity  on 
L     and  define  a  bilinear  map     gs     L    X    L  — >  P     such  that 

g(x,   y)   =   Cf(x),   f(y)]   -  f([x,y]). 

g  is  alternating,  i.e.  g(x,x)  =  0;,  bilinear  and,  because  of  the  Jacobi 
identity,  g  satisfies  the  identity 
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x#g(y»  2)  -  y.g(x,  z)     +  z-.g(x,  y)     * 

a    g([x,  y],  z)  -  g([x,  z],  y  )     +     g([yk  z],  x) . 
Now  consider 

y(s(x,  y))  =21  xi-(yi-g(^>y))« 

i 
y^gC^y)     ■    x.g(y±,  y)  -  y.g(y±,  x) 

*    gCCy^  x],  y)  -  g([y±,  y],  x) 

+     g([x,y],  y±)    . 
Hence 

x^y^gCx,  y)     *    x^gCy^,,  y)  -  x±y.g(y±,  x)     +    x±.g([yi#  x],     y) 

-  xi.g([yi,  y],  x)     *    x±.g([x,  y],    y±) 

»    xx±.g(y±,  y)     +     [x±,  x].g(y±,  y)  -  yx^gCy^  x) 

-  [x±,  y].g(y±,  x)     +    x±.g([yi,  x],  y) 

-  Xj.-gCCy^  y],     +    xi.g([x,  yj,    y±)   . 

Now    21    fxj>  XI®  yi  *  xi®  ^5*  x^     is  in  L«u  =  (°)»     Ii:  follows, 
i 

by  the  -universal  rapping  property  of  the  tensor  product,   that  if     h     is 
any  bilinear  function 

]T[    h([xi,  z],  y±)     *    h(x^,   [y±,  z])     =    0. 

2. 

Applying  this  remark  with  h(u,  v)  =  u.g(v,  y)  for  fixed  y,  we  see 


that 


JT  [Xi>  x].g(y±,  y)  +  xi.y([yi,  x],  y)  -  0, 


Similarly, 
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ZZ  E*i>  y]*g(y±,  x)     +    x^gCty^  yj,  x)     »    0. 
i 

Hence,   slimming  over     i,  the  above  reduces  to 

Y(g(x,  y))   -JT  (xx±.g(yi,  y)  -  yx^gCy^x)     +    x^.g([x,  y],  y±))# 
i 

Now  put  h(x)  *  JZ  xi#s(y"i»  x)  *  Then  our  result  reads 

1 

Y(g(x,  y))  «x.h(y)  -  y.h(x)  -  h([  x,  y]) 
or 

g(x,  y)  *  x.y~  h(y)  -  y„Y~  h(x)  -  lf\([x,  y])# 

From  this  it  is  easily  verified  that  the  map     f>  =  f  -  y    k    satisfies 
the  requirements  of  the  theorem. 

Suppose     L    is  a  lie  algebra  and    A    is  an  ideal  of    L.     Then    if 
L     is  solvable,   so  is     L/A.     If    A     is  solvable  and     L/A    is  solvable 
then     L    is   solvable.     Define     L^ -  L,   •  •  •  A*-?   »  [L^.,  L^]»    Clearly 
(L/A)n  ■  (Ln  ■  A) /&;  hence  if    L     is  solvable   so  is  L/A.     If     L/A     is 
solvable,  the  above  shows  that     L    C   A    for  large  enough    n$  hence  if 
A    is  solvable,  so  is     L. 

Now  the  isomorphism     (A  *B)/A^b'A/A   OB     shows  that  if    A    and    B 
are  solvable  ideals  of    L,  so  is  A  +  B.     Hence,  assuming    L     is  finite 
dimensional,  the  sum,  R,  of  all  solvable  ideals  of    L     is  a  solvable 
ideal  containing  every  solvable  ideal  of    L.     R     is  called  the  radical 
of     L.       It  follows  easily  that     L/R     is  semi-simple.     Let     A    be  an  ideal 
of    L,  then     (A. +  R)/ft    is  an  ideal  of  the  semi-simple  Lie  algebra 
L/R.     Hence     (A  +R)/R    is  semi-simple.     But     (A  +  R)/A;^A/A  D  R    and  it 
follows  that     A  n  R     must  contain  the  radical  of    A.     On  the  other  handj 
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A  C\   11     is  a  solvable  ideal  of  A  and  thus  must  be  contained  in  the 
radical  of  A.  Hence^  the  radical  of  an  ideal  A  of  L  is  the  inter- 
section  with  A  of  the  radical  of  L. 

Consider  the  epimorphism  L  — — >  L/R.  By  Theorem  8  this  can  be 
inverted  so  that  L  =  5  +  R  where  S  is  a  semi-simple  subalgebra  of  L 
and  S  O  R  =  (0).  This  is  called  a  Levi -decomposition  of  L. 

Now  [L,  L]  =  S  +  [L,  R]   so  that   [L,  R]  is  the  radical  of  [L,  L] 
and  coincides  with  [L,  L]  C\   R.  If  M  is  a  finite  dimensional  L -module 
then  [L,  R]  is  nilpotent  on  M.  To  see  this,  note  first  that  [R,  R] 
is  nilpotent  on  M  by  Theorem  h.     Now  let  S  be  a  subspace  of  [L,  E] 

containing  [R,  R]  and  nilpotent  on  M.  If  S  /  [L,R],  there  exists. 

2 

z  £  k,  x  f£   R  such  that  [z,  x]GZ.      S.  Since  [z,  x]  is  nilpotent  on 

M  it  follows  from  Lemma  k   that  K[z,  x]  +  S  is  nilpotent  on  M.  Hence, 
we  see  inductively  that  [L,  R]  is  nilpotent  on  M.  Thus  we  have 
Theorem  10.  Let  L  be  a  finite  dimensional  Lie  algebra  and  let  R  be 
the  radical  of  L.  Let  M  be  any  finite  dimensional  L-module.  Then 
[L,  R]  O  R  is  nilpotent  on  M. 

In  particular,  [L,  It]  is  nilpotent  on  L.  Hence,  for  every 

x  €.  [L>  R]j  we  can  form  the  polynomial 

n 

exPDx  SE  rr Dx 

•n+T 

where  n  is  the  smallest  integer  such  that  D    =  0  .  Clearly,  exp  D 

x  x 


i 


s  a  Lie  algebra  automorphism  of  L  (  its  inverse  is  exp(-D  )).  Denote 


x 


by     GT      the  group  of  Lie  algebra  automorphisms  generated  by  the  exp  D 
L>  x 

as     x     runs  through     [L,  R]    . 
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Theorem  11  .     (Malcev,  Harish-Chandra)  •     Let     L    be  a  finite  dimensional 
lie  algebra  and  let    R     be  the  radical  of    L.     Let    L  »  S  *  R    be  a 
Levi-de composition  and    T     any  semi-simple  subalgebra  of    L.     Then 
there  exists     as    in    GT     such  that    o(T)  O  S. 

Proof;    For  every    t£T     write     t  -  a(t)     +->^(t)     with    a(t)     in    S, 
>0(t)     in    R. 

IX-t^)     +_/K\)$  a(t2)     ^y^(t2)]     =    a([t15  t2])     ♦>?([%,  t23)   . 

Hence 

W*j)#  CT(t2)l    =  ^([t^  t2]) 

and 

Since     T  *  [T,  T],  it  follows  that    ^°(T)  O  [L,  R],     Let     f(t)     be  the 
coset  of  -x^(t)     mod  [R,R]„     Then     f     is  a  linear  map  of     T     into 
[L,  R]/[R,  R]«     If  we  equip     [L,  R]/[R,  R]     with  its  natural  structure  as 
a    T -module,  the  above  relation  shows  that 

f([tx,  t2])  -^.fftg)  -tg.fCt^)  -o  . 

Hence,  f  can  be  used  to  define  a  Tnnodule  structure  on  the  space 
(K,  [L,  R]/[R,  R])  such  that 

t.(a,  u)  =  (0,  of  (t)  *  t„u) 
for  t  fi  T,  a,  €.  K  and  us  [L,  R]/[R,  R]e 

Since  T  is  semi-simple,  this  T -module  is  s  e  mi  -simple  „  Hence,  the 
submodule  (0,  [L,  R]/[R,  R])  has  a  module  complement.  Choosing  u 
in  [L,  R]/[R,  R]  so  that  (1,  u)  is  in  this  module  complement,  we 
see  that 

t„(l,  0)  e  t.(l,  U)  -t«(05u)o 
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It  follow;.;  that 

f(t)   «  t.u       . 

Let     x    be  an  element  of     [L,  R]     whose  coset  mod     [R,  R]     is     u. 

Then  y°{t)   -  [t,  x]     is  in     [R,  R]     whence    t  -  [t,  x]     is  in 

cr(t)   +  [R,  R].     Therefore 

exp  (Dx)(t)     =    t  +  [x,  t]     +     l0^"1)   +  ••• 

e   a(t)     +     |D^(t)    +  ...   +  [R,   R] 

C    <*(t)      +     [R,  RJ   . 

Thus  exp  (Dj(T)C  S  +  [R,Rj.     Proceeding  by  induction  on  dim(R) 
we  see  that  the  induction  hypothesis  gives    £  ^   %+rrc  Rl     such  *kat 
^^(exp  (D  )(T))    C    S.     This  shows  that  there  is  an  element     a     of     Or 
such  that     a(T)  cz   S.  Q.E.D. 

^*     Extensions  of  Representations. 

Let  ^/3  be  a  representation  of     L    with  representation  space     V« 
Let     V  =  V     D  V-,    3  ,,,    Z3  V     =   (0)     be  a  composition  series  for     V. 
Define     V1    =  5*~  ®  V .  /V .    n    •     By  the  Jordan-Holder  theorem,     V*     is  deter- 
mined  by    V    up  to  an  L-isomorphism.     Let   _X}|     be  the  induced  represen- 
tation of     L     in     V .     Then     ^A^!      is  called  the  semi-simple  representation 
associated  with  ml/^  ,     If    S     is  a  subalgebra  of     L    and  if     _/^(S)     is 
nilpotent  on     V    we  shall  say  that    ^/^±s  nilpotent  on     S. 
Lemma  5.     Let     L     be  a  finite  dimensional  Lie  algebra  and     P     an  ideal 
of    L.     Suppose     L  =  H  +  P    where     H    is  a  subalgebra  of     L     and     H/"\P  =  (0). 
Let  »/0  be  a  finite  dimensional  representation  of    P     and  suppose  that 
_>Gf[H,  P]   ■  (0).     Then  the  representation  space,  V,   of     ^/^  can  be 
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P-monomorphicall^r '  imbedded  in  a  firlite  dimensional  representation  space 

¥    of    L.     If     o    is  the  representation  of    L     on    W    then  the  kernel 

of     crt     contains  the  kernel '  of  ^/*  • .     If     H    is  nilpotent  on     P     then  the 

kernel  of    at     also  contains     H. 

PToofr      Let     U(L),  U(P)     be  the  universal  enveloping  algebras  of    L 

and     P    respectively.     Identify    U(P)     with  its  canonical  image  in     U(L)d 

If    US   U(P) ,     hSH^peP;  define 

u.(h  +p)  *  (uh  -  hu)  *  up  €,    U(P)C 
It  is  verified  immediately  that  for    x,  y   ^      L,  u  S.    U(P)  , 

(u.x).y    -    (u.y).x    *    u.[x,  y]     . 
Thus     U(P)     becomes  a  right  L-module  and  hence  a  unitary  right 
U(L) -module* 

Let     I     and     I»     denote  the  kernels  in    U(P)     of   ^  and     J®x     respec- 

tively.     These  are  ideals  of  finite  codimension  in     U(P)«     Let     d  ■  [VjK]   5 

A  d 

then     (I1)     O  I»     By  Theorem  2,   (lf)       is  also  of  finite  codimension  in 

U(P).     By  hypothesis,    [H,  P]    O    IT     whence     (l!)       is  a  U(L)-submodule 

of     U(P).     In  fact,  U(P).H  C  I1,.     Therefore  we  can  consider     U(P)/(l«)d 

as  a  right  unitary    U(L)-*fiodule.     This  gives  the  structure  of  a  unitary 

left     U(L)-module  on    Hoiti  (U(P)/(I')d,  V)     where,  for     xfi  U(L), 

f      Ho^(U(P)/(It)df  V)   ,     u  4E  U(P)/(l«)d  , 

(x.f)(u)     -    f(u,x) 
Every  element  of    v  C  ¥    defines  an  element     f       of     Hcni-CuCPj/Cl*)  ,V) 
as  follows: 

for    u  €.  U(?)/(I*)     •     Since    U(P)     has     an  identity,  the  map    v  — >  f 
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is  a  U(P)-monomorphism  of  V  into  HomK(U(P)/(l»)d,  V) , 

Let     a     be  the  representation  of     L     (and     U(L))     on    HomK(U(P)/(I»)   ,V) . 
Then     cr    is  nilpotent  on  the  ideal     I'flP     of    L     and  this  implies  that 
If  O  P     lies  in  the  kernel  of    o» .     Thus  the  kernel  of    at     contains  the 
kernel  of  _>9t    , 

How  assume  that     H    is  nilpotent  on    P.     Then  for  every    u    in     U(P) 
there  exists  an     n  >  0     such  that     ti..(h1#  •  •hn)   =  0     for  all     h,,    . ..,   h 
in    H.     Since     U(P )/(!')       is  finite  dimensional,  this  shows  that     H 
is  nilpotent  on     U(p)/(I')       and  therefore,   that     H    is  nilpotent  on 
HomK(U(P)/(I»)   ,  V).     Now    o     is  nilpotent  on     H    and  on     I«    C\    P.     Then 
(by  the  sa   •    prooi    as  that  of  Lemma  b)     cr     is  nilpotent  on     H  +  I'fjP. 
TJ  Is  al  of     L     (because     [H,  L]    ■  [H,   H  +  P]  C  H*   [H,  P]CH   •'  I*  OP) 

and  therefore  II  +  I1  D  P  is  contained  in  the  kernel  of  a*.  Q.E.D. 
Def.  Put  L1  =  L,  ...,  Li+1  =  [E,  L1].  We  say  that  L  is  nilpotent 
if  there  exists  an     n     such  that     Ln  =  0. 

The  sum  of  all  nilpotent  ideals  of    L    is  a  nilpotent  ideal   called 
the         imum  nd        tent  ideal  of    L.     In  fact,  we  have  the  following 
general  theorems 

Theorem  12.     Let     L    be  a  finite-dimensional  lie  algebra  and  let     M    be 
'  ..'  '  ^-dimensional  L-module,     Then  the  sum  of  all  ideals  of    L     that 
■,      i.l.potent  <  is  an  ideal,  P,   of     L     that  is  nilpotent  on     H. 

Ileal   of    L     that  is  nilpotent  on     M    belongs  to     P. 
Proof:     It  is  eas;y  t     see    bhat     P     is  simply  the  kernel  of  the  semi- 
simple  representation  of     L     associated  with  the  representation  of     L 
on     I'U     There  remains  only  to  prove  the  last  assertion. 

Let  the  radical  oj      L.     Then,  by  Theorem  9,   [R,  L]  c  P  HH  C  ^ 
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Now  let    x    be  in    R    and  suppose    x    is  nilpotent  on    M.     Then,  by- 
Lemma  h9  (x)     ■►    P  n  R    is  nilpotent  on    M.     Since  this  is  an  ideal  of 
L,  it  follows  that     x    is  in    P» 

Theorem  13 #     (Ado).     Let     L    be  a  finite  dimensional  lie  algebra.     Then 
there  exists  a  faithful  finite  dimensional  representation  of    L    that  is 
nilpotent  on  the  maximum  nilpotent  ideal  of     L0 
Proofs     Let     Z     be  the  center  of     L«     N     the  maximum  nilpotent  ideal  and 

R    the  radical*     Then     Z  +  [L  R]CNCR«     Let     N  -  NO  <,<,<>  3N    ~  Z 

*  or 

be  a  series  of  ideals  of    N     such  that     %/%.•}     ^s  one  dimensional*     Then, 

for  each    i,  IT.  =  Kn.   +  1L   ,    (semi«-direct  sum)  with    n.  €,    N^    0     Start 

with  a  faithful  representation  of     Z.     Apply  Lemma  £  repeatedly  to  the 

semi-direct  sums     Kn.    +  ^±+\     ^°  obtain  a  nilpotent  representation  of     N 

that  is  faithful  on    Z0 

Let    R  =  R  Z5  •••  -3R„     =  N  '  be  a  chain  of  ideals  of    L     (every  subspace 
o  P* 

of    R    containing    N    is  an  ideal)  such  that     %/%*•!     is  one  dimen- 
sional and  write     R.   ■  Kr^  +  R^+t    •    Again  by  Lemma  $9  our  representation 
of    N     can  be  extended  to  a  representation  of    R    that  is  still  nilpotent 
on    N. 

Finally  let     L  =  S  +  R    be  a  Levi-de composition  of    L»     Since 
[L,  R]  C.  N    we  can  (by  Lemma  5)  extend  our  representation  of    R    to  a 
representation  of     L    which  is  still  nilpotent  on     N.     Thus  we  have  a 
representation  of    L9  faithful  on    Z     and  nilpotent  on    No     The  direct 
sum  ©f  this  representation  and  the  adjoint  representation  satisfies  the 
requirements  of  our  theorem,. 
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Theorem  lit.     Let     L    be  a  finite  dimensional  Lie  algebra  and  let     T    be 
a  term  of  a  noma]    series   for     L,     Let     J    be  the  radical  of    ?.     Let 
_/0  be  a  finite  dimensional  representation  of    T,  with  representation  space 
M,   such  that     ^^  is  nilpotent  on     [L,  L]      D     J.     Taen    M     can  be 
T-monomorphically  imbedded  in  a  representation  space     N     for     a  representation 
o    of     L     and  the  kernel  of    o»     contains  the  kernel  of    ^/0  »    „ 
Proof r    We  proceed  by  induction  on  the  dimension  of  the  factor  space 
L/  T.     Suppose  the  theorem  true  for  the  lower  cases  and     L  /  T.     Then 
there  exists  a  term     Tt     of  a  normal  series  for     L     such  that     T     is  an 
ideal  of     T-j     and     T-j/T     is  a  simple  Lie  algebra.     Let     J^     and     J     be 
the  radicals  of    1\     and    T     respectively.     We  noitf  distinguish  two  cases. 

1.  ^tA     is  non-abelian  and  there  lore  semi-simple.     Then     J  =  J-, 

since     J  =  J^  C\   T     so  that     (J1  +  T)/T^y  J-j/j    is  a  solvable  ideal  of 

T-j/T.     Now  choose  a  Levi -decomposition    T-,    =  S-,    +  J.  is  an  ideal  of 

T-j_    so  that     S-,  f\   T     is  an  ideal  of    S^  •     Hence,   ]  J9 

choose  an  ideal     Ik     of     S-v  ,   so  that     S-,    ■  Ik      (^  I « 

U-,     *    T     (semi-direct  sum),     T  =  S^  D  T  +  J,   -'hence         ,, 

_yO  is  nilpotent  on  the  ideal.     [L,  L]    fS  J     so  that      [L,  L]     C"\    J     i: 

kernel  of  ^*     and   -•CJ,([U-i ,  T])   ~  (0),     Thus  we  may  apply  Lemma  5  to  extend 

^/^  to  a  rep  re  sen  tat  ion    — '    -j     of    T-.  ernel  of  J^\      contains 

the  kernel  of   J&*     and  hence     ^   \     is  nilpotent  on     [L,  Lj  f\    J  =     [L,  L]  HJ-. 

2.  ^tA     ^s  one  dimensional.     Then  let     T  -  S  +  J     be  a  Levi- 
decomposition  of    T.     By  Theorem  11,   there  exists  a  semi -simple  subalgebra, 

Sl>     of     Tl     such  that     Tl  =  Sl  *  Jl     and     Sl  "^  S  •     Now     S  ^     Sl    ° T 
which  is  a  semi-simple  ideal  of     S-,    .     Since     S     is  a  maximal  semi-simple 
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subalgebra  of    T     it  follows  that     S-,    D  T  =  S.     The  canonical  image  of 

Sj     in    T-j/T     is  isomorphic  with     S-j/S-^  H  T  £&  St/S     which  is  semi-simple. 

Hence,   S-,=  S.     Thus     T-r   =  S  +  J-,     and     J  /j     is   one -dimensional.     Now 

suppose     [L,  L]  C\   Jn    ■     [L,  L]   C\  J.     Then  we  can  apply  Lemma  5>  to  extend 

_yO    to  a  representation     ^-\     °f     Tn     which  is  still  nilpotent  on     [L,   L]    C\  «Ts« 

If     [L,  L]   C\   J 2.  ^     ^L,  L]  /O    J,    choose     x     in     [L,  L]  H  J-,      such  that 
x&    [L,   L]  /^   J.     Then     T-,    ~     (x)   +  T.     Applying  Lemma  5>  to  this  semi -direct 
sura,  noting  that     x     is  nilpotent  on    T^  we  see  that  ^*  can  be  extended 
to  a  representation    ^  -^    of    T-^     such  that 

^((x)     +  [L,  L]    n    J)   -  (0), 

Since 

(x)    +   [l,  l]  r\  j  =     [l,  l]  r\  J±  9 

_^/0 -,      is  nilpotent  on     [L,  L]    C\     J-i    • 

This  completes  the  inductive  step. 
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f:J  i...:j..i      .■.>.■.  '      ■  i  .  i  i     u      lit.    lil iv        b     ui     iwfl*J 

•'••     The  algebraic  Hull  of  a  Linear  Lie  Algebra 

Lob  bo       fxriit  .    !ir<    sj        '    ,    ctor  s  ov«  r  >  n  infinite  field 

;;     and    ;  i  b  -  '  [i  ai    (\; .   rv ) ,      Let     P     denote  tin  ■     ra  o,    all    po]    no    Lai 

.;'         '      '     in  .';      '■       s  t'i  e   "  I    ebra        u    •  " ;   '    >j  t ;  c    c    Lst<         "unci  ,; 

and   by    ":"   ':  '■■.■•  ..{■:,   F),     Since  the   ground   field  :'      infinite  wc  maj 

i'  li  mti         v  w  Li "    the  syn  c  brie      :  gel  ra  over    E '  . 

Def#  A  group  G     of     utomorphii   ls  of           is  cail<  '  an  algebraic  linear 


■■    •     -     »"        •         :•»  * 


if  it  is  the  set  of  all  automorp     of  V  that  are  zeros  of  a 

su  set  of  P. 

;Ie  may  regard     P     as  a  two-sided     E     module  with     E    acting  on     P     bj 

right  and  left  translation,   i.e.    for     e£  E,  p£P,        x  *£   E, 

(p. oKx)   ~p(ex)         ,  (e,p)(x)   =  p( xe)   . 

For     e£    E,     D       denotes  the  derivation  of     -      which  annihilates  an 

7       e 

coincides  with  left  translation  by    e     on    E   . 

Let     Q     be  the  set  of  all  el         ts  of     P     whose  restrictions  to  the 
algebraic  group     G     are     0*     Q     is  clearly  an  ideal  of     P,    called  the 
ideal  of  polynomial  functions  associated  writh     G.       The  set  of  all     e     in 
E     such  that     D   (Q)  <C   Q     is  a  Lie  subalgebra  of     E,   called  the  lie  algebra 
of     G         and  is  denoted  by     G°      . 

Prop*   1.       Let     A     rm.6.    B     be  algebraic  groups  of  automorphisms  of     E     such 
that     AC    B.     Then     A*C  B* 

Proof:     Let    t9l   and  &Cj-'  be  the   ideals  associated  with     A     and  B     respectively. 
Suppose     e     is  in     A*        .     Then,  since   #&  c   &f »       D  (^3')d    &i ,     Let     p 
in    rX?"' ,       b    €£.  B     and     I     the  identity  transformation  on     V.     Then     p.b 


*0  •3"" 

±3  in  o^  whence  D  (p,b)  is  in  &(    and  so  D  (p.b)  cl3  *  0  ,  How  since 

e  c     j 

left  translations   commute  with  right  translations,   it  follows  that    D 

'  e 

commutes  with  every  right  translation  of  P.   Hence 

(Vp))£bj;   -  (De(p).b)  £lj   -  De(p.b)  £lj  =  0 
so  that  D  (p)  €  ^f\  Thus  D  ( &)  c  £&  for  every  e  in  A"    *  Therefore 

Def ,    A  Lie  subalgebra  of  I!  is  called  an  algebraic  Lie  algebra  if  it  is 

the  Lie  algebra  of  an  algebraic  (linear)  group. 

Theorem.  10  Let  V  be  a  finite  dimensional  vector  space  over  a  field  F 

of  characteristic  0.  Let  L  be  a  Lie  subalgebra  of  E  =  HomF(V,  V)  „ 

Let  Gx   be  the  intersection  of  all  algebraic  groups  of  automorphisms  of 

V  whose  lie  algebras  contain  L.  Then  (Gr  )*  3  L  ,   (Gf)#   is  called 

^ne  Q-lgsbraic  hull  of  L  » 

Proof:  Note  that  by  Proposition  1,   (GT  )*   is  contained  in  every  algebraic 

Lie  algebra  containing  L. 

Take  x  in  E  and  let  G   be  tne  intersection  of  all  algebraic 
groups  whose  Lie  algebras  contain  x.  Then  G  C  GT  whenever  x  is  in 

X  L 

L.     By  Proposition  1  it  suffices  to  prove  that     x     is  in     (G  )  „     Thus 

it  suffices  to  prove  the  theorem  when     L     is  one -dimensional  . 

tjet     t     be  an  indeterminate  over     F     and  let     F  £t  i       be  the  ring  of 
integral  power  series  with  coefficients  in    F„     We  extend  the   elements  of 
E*     uniquely  to     F  £t3      linear  maps  of     E®„     F     ?tS      into     F     Jts  • 

The  elements  of    P     are  extended     accordingly  to     F  Ml   -  valued  functions 
on     E®F  F    ft"? 

With    x    in    E,  we  interpret  tne  formal  power  series     exp(i,x)     as 
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the  element  of    E/^X)T,  F  £  ti    that  is  determined  by  the  condition: 

v — '  r        c   «jj 

CO 

r— —       i   nvtn 
p(exp(tx))        -    2-      a£4— 

n%5        n  J 

for  every    p     in    E"       . 

Now  we  consider  the     F-algebra  homomorphism     p  --*•>  p(exp(tx))     of 

P     into     F     v  t  ^     ,     Let     6     be  the  derivation  with  respect  to     t     in 

F     ft?      ,  then 

(*)  Dx(p)(exp(tx))         =       6(p(exp(tx))        . 

•ft  -!(- 

To  see  this,  note  that  if    p     is  in    F  +  E  ,  say    p     ■     a  +  e     ,   then 

Dv(p)   ■  x.e"     .     Thus 

v—      -«-/  n+l>, 
Dx(p)(exp(tx))     -    >        6  ^  l  I  tn     *     6(p(exp(tx))) 

Now  the  maps     p  •— >  D   (p)(exp(tx))     and     p  «— ->  6(p(exp(tx)))     are  both 

differentiations  of     P     into     F    ft<      which  coincide  on  a  set  of  generators 

/     s 

and  hence  are  equal*  This  verifies  (*-)• 

Let  Q  be  the  kernel  of  the  homomorphism  p  ~— >  p  exp(tx)  and  let 
G  be  the  set  of  all  automorphisms  of  V  that  are  zeros  of  Q.  Vie  show 
first  that  G  coincides  with  the  group  H  of  all  automorphisms  h  of 
V  such  that  Q.h  =  Q. 

Note  that  for  every  p  ^  p,  p(l)  is  the  constant  term  of  p(exp(tx)). 
Now  let  h  be  in  II  and  q  in  Q,  then  q.h  is  in  Q.  Hence 
(q.h)(exp(tx))  =0  so  that  (q.h)  (I)  =*  0,  Thus  q  £  hi      =0  and  therefore 
H  C   G  .  Now  let  g  be  in  G,  q  in  Q.  From  («)  we  see  by 
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induction  that  D^(p)(exp(tx))  =  8n(p(exp(tx))  for  every  n  >  0  and 
therefore  D  (q)  is  in  Q  for  every  n  >  0*  Hence  Dn(q.g)  fl' 

A  ~  X  "      <L,  ~> 

&x(q)*g)  ;"  I j  =  \(q)  £g£   =  0.  Again  using  (*)  vie   find  that  q.g 
is  in  Q,  i.e.  that  ail  the  coefficients  of  (q.g) (exp(tx) )  are  0. 
Therefore  Q.g  c.  Q.  Let  Qd  be  the  subspace  of  Q  consisting  of  ail 
elements  of  degree  -g  d  ,  Then  Q-  is  finite  dimensional  and  Q,,g  C  Qj   * 
Now  g  is  an  automorphism  of  V  and  thus  has  an  inverse  in  E.  This  means 
that  translation  by  g  is  an  automorphism  of  P  and  hence  induces  a 
monomorphism *  Q,  "*•«>  Q,  which  must  there  tore  also  be  an  epimorphism 
because  of  the  finite  dimensionality  of  Q*  .  Thecrefore  Qd#g  ■  CL 
whence  Q»g  -  Q  so  that  g  is  in  H.  Thus  G  <C  H  which  rives  G  ~  II. 

[if  the  base  field  F  were  algebraically  closed,  it  would  follow 
that  the  ideal  associated  with  G  coincides  with  Q.  In  fact,  let  d 
be  the  determinant  function  on  E  and  let  p  in  P  be  such  that  p(G)  ~  0, 
then  pd  vanishes  at  every  0  of  Q  in  E.  Since  Q  is  a  prime  ideal 
and  F  is  algebraically  closed,  the  Hilbert  Nullstellensatz  gives  pd 
in  Q.  Since  d  is  not  in  Q,  p  is  in  Q.  Tims  Q  is  the  ideal 
associated  with  G  so  that  x  belongs  bo  (Gj*   «  ] 

Let  T  be  an  algebraic  group  of  automorphisms  of  V  such  that  x  is 
in  T    •  Let  A  be  the  ideal  of  polynomial  functions  associated  with  T  . 
Then  D  (A)  G  A*  Hence,  for  all  p  in  A  and  all  n  >  0  ,  D  (p)  $I<    =  0. 

X  _        X     c   -J 

27  (*)*  P(exp(tx))   =  0,   i.e.,     p     is  in     Q.     Thus     A  C  Q-     Hence     G  <C    T. 
Thus     GOG, 

Next  we  shall  prove  that 
(**)  P/Q    CZ    Ffs^,   ...,  zn) 

where  the  set     (z  ,    .,.,   z  )     is  algebraically  free  over     F. 

-J- 
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Suppose     (x-«-)     is  true,  and  let     Q-,      be  the  ideal  of  polynomial   functions 

associated  with     G.     Q  d.  Q-»  .     Suppose     Q  f-  Q-,      and  choose     b     in     Q-, 

such  that     b  «£    Q.     Let     d  be  the  determinant  function  on     E.     For 

p  €.    P,   let     p*     denote  its  canonical  image  in       /Q.     Write 

b'd'      *     f(z15    ...,   z^/gCz^,    ...,    zn) 

where     f     and     g     are  polynomials.      Let     p-,,    ...,   p       be  a  basis  for    E 

and  write    p»    »    ^i^zl*   •••*  zn^gi^zl*    *e**   zn^     with     £±    and     si  P01^ 
nomials.     There  exist  elements     s-,,    , ,.,   s       in     F     such  that  fgg-i...g^ 

does  not  vanish  at  the  point  (s-,,    . ..,   s   )     of     F     .     Let     e  be  the  element 
of     E     for  which 

/       v  m        fj(Sl>        «««>       Sn) 


Then 


f  (s-i ,    . . , ,  s„) 

b(e)d(e)    =  a^n^^  /    o . 


This  means  that     e     is  an  auto moronism  of     V     and  not  a  zero  of    b.      On 
the  other  hand,     e     is  a  zero  of     Q     so  that     e     is  in     G.     This  is  a 
contradiction.     Hence     Q  =  Q^,   i.e.,     Q     is  the  ideal  associated  with     G# 
Since    D  (Q)  CZ     Q,     x     is  in     G*       .     Thus  we  need  only  to  verify  (*-"-),. 

If    K     is  any  field  containing    F     and     A     is  any  vector  space  or 
algebra  over     F,  we  write     AK     =     A®F  K     and  also  identify    A    with  its 
canonical  image  in     AK   .     He  identify    EK     with     EanL^pF ,  VK)    •     Finally, 
we  identify  the  algebra  of  polynomial  functions  on     Er     with     P^   .     Let    K 
be  a  finite  Galois  extension  of     F     containing  all  the  characteristic  roots 
of     x.     The  Galois   group,  S,   of    K     over     F     operates  in  the  natural 
fashion  on     K    £t|     -       K®    F    £tj      and  on     PK 


'V7 

OP 


The  homomorphisra    p  -~>  p(exp(tx) )     of     P      into    K  k  t  $    is  an 

S~»hQmomorphism  and  induces  an  isomorphism  of  the  F-algebra     P/Q     onto  the 

ic 
F«o.lgcbra  of  the  3~fixed  elements  in  the  image  of     P      in     K   \  t  ■ 

We  can  decompose     Vv     into  the  direct  sum  of     x-stablc  subspaces     V. 

such  that  each  V.     is  annihilated  by  soiiie  power  of     x  -  cl       with     c 

in     K.     Let    x.     be  the  endomorphism  of     1±     induced  by     xt     Then  the 

image  of    P      by  the  homomorphism    p  — -~ >  p(exp(tx))     is   generated,  as 

a  K-algebra  by  the  constants  and  the  power  scries     p^(exp(tx. ) ) ,  where # 


or  each     i«     p.?     ranges  over  the  linear  functions     Korru(V.  *  V . )    .     Write 
::.:    «  c .  I     •!•     u.      with     u*i     "     0,      Then 

V~    p5/ui' 
PiCexpCtXj,))     =     exp(tCi)        >       -p—    ^       . 

1=0 

K  C  "") 

Hence    le  see,  that  the   image  of     P       in     K    51?  is   contained  in  the  ring 

C ; 

K[t#   c.--p(tc,  ),    «*.7  exp(tc  )]     where     c.  ?    .,._>    c       are   all  the   characteristic 

roots  of     x. 

Let     a.,,   •  ••£  a       be  a  free  basis   for  the  additive  group  generated 

by    c-, ,   ,*•,  cm     tfe  claim  that  the  set     (ts   exp(ta-|),    '***■$  exp(ta  )) 

is  algebraically  free  over     SC*     For  suppose  that 

e  e 

p^x  y   »«,,,  x  ;     -  p  x     **«.  x 

0'        '    q 
is  a  polynomial  with  coefficients  in     K    such  that 

p(t,  expCta-j^),.,^  exp(ta  ))     =     0. 


v    4 


Then 


c 

,    0 


o1 

e  ha ve 


>"  P-  e  t       e.^(t(e1a1      +   „,   +  0  a  ))      «■    0   # 


•>       e  .  a ,     =  0  ?  a  . 

-■  ■  •       1  i  ;  -—  i 
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only  if  e.   =  e!  ,  for  each  i.  Hence,  in  order  to  show  that  p  =  0, 

it  suffices  to  prove  that  if  b-i ,  ...,  b   are  different  elements  of  K, 

then  the  set  (exp(tb-i),  ...,  exp(tb  ))  is  linearly  independent  over  K[t]« 

This  is  evident  for  n  =  1.  Assume  n  >  1  and  the  result  proved  for 

n  -  1  elements.  If  pAt)  ^    K[t]  are  such  that 

n 
7~  P±(t)   exp(tb±)      =     0 

then  t 

n-1 

Pa(*)     *     <EJ    V(t)   6^(t(bi  "  bn)}      =     ° 
where  the     q±  h(t)      are  given  by:     q±  o(t)     -     p±(t)    ;   o±  h+1(t)      = 

CU   at)     +  (b.    -  b   )q.   ,  (t)    .     For  some     h,     p^h'(t)     =     0     and  the  induction 

j-  •  n  i         n     i  •  ii  n 

hypothesis  gives  that     q.   ,  (t)    =  0   ♦     But  then  the  above  recursion  gives 

qi,h-l     =     qi,h«2     =   •"    mP±W      =     °   • 

The  elements  of     S     permute  the     c.      among  themselves  hence  the  elements 

of     S     (acting  on  the  quotient  field  of    K    5t£  )     permute  among  themselves 

the  elements   of  the  multiplicative  group  generated  by    t,   exp(a-,t)    s    ».., 

exp(a  t).     In  particular,     K(t,   exp(a1t),   ...,  e?p(a  t))     is  S-stablec 
q  x  q 

P/Q     is  isomorphic  as  an  F-algebra  with  an  F-subalgebra  of  the  field  of 

the  S-fixed  elements  of    K(t,   exp(a1t),    ...,   exp(a  t)).     Hence  it  suffices 

j-  q 

to  show  that  the  field  of  S-fixed  elements  of  K(t,  exp(ant),  ...,  exp(a  t)) 
is  contained  in  a  purely  transcendental  extension  of  F. 

Lemma  I,   Let  K  be  a  field  and  let  L  ■  K(u)  where  u  ■  (u-,,  ...,  u  ) 
is  algebraically  free  over  K.  Let  II  be  the  multiplicative  group  generated 
be  u-j ,  ...,  u  •  Let  S  be  a  finite  group  of  automorphisms  of  L  and 
assume  that  both  X  and  M  are  S-stable.  Assume  also  that  the  restriction 


-39— 
of     S     to     K    is  a  monomorphism  of    S     into  the  automorphism  group     of    K. 
Let    F    be  the  field  of    S -fixed  elements  of     K.     Then  the  field  of  the 
S-fixed  elements  of     L     is  contained  in  a  finite,  purely  transcendental 
extension  of     K. 
Proof:    Let     v  ■  (v.  .),  i  *  i,   ...,   r,  j  =1,    ...,  n    where    n  =  [k   :     F]  , 

be  a  set  of  indeterminate s  over     K,     Also  take  a  basis     k-,  ,    ..,♦  k       for 

i'         J     n 

K     over     F.     Let     ^     be  the  homomorphism  of    M     into  the  multiplicative 
group  of    K(v)     such  that 


Let     S     operate   on     K(v)     coefficient     wise.     Define  the  homomorphism 

I    on    M    by 

\    -    1 T    s  a  /  s*1        , 

1  s  fi   S 

then     |oS     -    s  o  If    for  all    s     in    S. 


n 


iA\))  =X      v±^  s(k..)    . 


Now  the  K-linear  combinations  of  the  elements  of  S  (regarded  as  endo- 

morphisms  of  K)  make  up  the  space  of  all  F-linear  endomorphisms  of  K, 

Hence  we  see  that  the  v.  .  can  be  expressed  as  K-linear  combinations  of 

J 

the  S(^(u.))  with  s  in  S  and  i  =  1,  ...,  r.  Hence  the  S(^(u-)) 

are  algebraically  free  over  K. 

Let  Nc.  denote  the  group  generated  by  the  elements  s(jz((u. ))  >   i  = 
l,,*.,r  with  s  fixed  in  S,  and  let  N  denote  the  group  generated 
by  all  elements'  of  the  form  s(^(tb))  with  s  in  S  and  i  =  19    ..  .,  r, 
Since  the  s(^(u^))  are  algebraically  free,  N  is  the  direct  product  of 
the  N«  .  Now  p     is  an  isomorphism  of  M  onto  N,  hence  s  o  p   o  s 
is  an  isomorphism  of  M  onto  Ng  and  therefore,  I  is  a  monomorphism 


-Uo- 

of    M    into    N.     Since  the  elements  of    N    are  K-linearly  independent, 
I     extends  uniquely  to     a  K-algebra  monomorphism  from    K(M)     to     K(N)   • 
The  field  of     S-fixed  elements  of     K(M)     is  mapped  into  the  field  of     S- 
fixed  elements  of     K(N)   ,   i.e.,  the  field  of  the  S -mixed    elements  of     K(u) 
is  mapped  into  the  field  of  the     S-fixed  elements  of     K(v),  i.e.,   into     F(v). 
This  completes  the  proof  of  Theorem  1. 

2.  Representative  Functions. 

Let     L     be  a  finite-dimensional  lie  algebra  over  a  field    F     of 
characteristic     0     and  let     U     denote  the  universal  enveloping  algebra  of     L«  ' 
¥e  consider  finite -dimensional  representations     of     L     or     U0     We  let 
E  =  Homp(V,  V),  where     V     is  a  unitary     U-module,  and     E     =  Homp(E,  F)    . 

If    %    is  in    E       and  ^^  is  the  given  representation  mapping     U 
into     E,  then     T  o  ,/^is   called  a  representative  function  on     U     associated 
with  — &  »       These  functions  make  up  a  finite  dimensional  subspace,     R(-/^),   of 
U'      ■     Homp(U  ,  F)    ..     The  kernel     I     of  ^P  in     U    is  an  ideal   of  finite 
codimension  in     U     and  the  elements  of     R(^)     all  vanish  on     I.     Conversely, 
if     f     is  in     U       and  if     f     vanishes  on  an  ideal     I     of  finite   codimension 
then     f     is  a  representative  function.     In  fact,     U'     is  a  left  unitary 
U-module  under     (x.f)(u)     ■    f(ux)     for  all    x,  u  in     U,   f  €    U       •     If    f 
vanishes  on    I     then     f     generates  a  finite  dimensional     U-submodule  of     U         . 
Let  ^/^  be  the  representation  of     U     on  this  submodule,  then     f     is  associated 
wither         f     ■    T  o  >Adiere     T(e)     -    e(f)    £lj      .     In  fact,     to^(x) 
<J°(*))        -     >>(x)(f)      I  lj     -       (x,f)(l)     -    f(x)     for  all     x     in     U. 

Let     d     denote  the  F-homomorphism :  L  — ~>  U(x)  U    such  that     d(x) 
x  (x)  1  =  l6Qx     for  all     x     in     L.     We  may  extend     d     to  an  F-algebra 


homomorphism  cL  of  the  tensor  algebra  over  L  and 

^(x®7  -  7®x  -  tx>  y3)     =     (x®l  +  1(g)  x)(y(g?  1  +  l@y  ) 

-  (y(g)l  *  1(5  y)(xg)l  ♦ig)x) 

-  [x,  3r](X)l  ~1®[x,  y] 

*    xy®l  +  1(g)  xy  -  yxjg)l 

-  l<3'yx  -  [x,  y]  (g)l  -  10  [x,  y] 
-    0   . 

Thus     d     induces  an  F-algebra  homomorphism  of     U    into     U(X)  U    which  we 
still  denote  by    d. 

At 

We  shall  define  a  multiplication  in     U"     in  the  following  way: 
for     f,      ge   U*     then     f  (g)  g    is  the  element  of     (U(g)u)*     such  that 
(f(g)  g)(u1(g)u2)     -     f(u1)g(u2)    .     Now  define     (fg)(u)   ~(f  <S)  g)(du),  1,6., 
the  multiplication     U'SL,U'    «— *>     U      is  the  dual  of     d.     This  multiplication 
is  associative  because     (d  ®  1),.©  d  ■  (1®  d)   o  d     and  it  is  obviously 
commutative, 

Suppose     f     and     g     are  elements  of     tS       such  that     f     vanishes  on 
an  ideal     I     of     U    and     g     vanishes  on  an  ideal     J     of     U.     Then     fg 
vanishes  on     d     (IQ9F  U  +  U®t?  J)    •       ^     induces  a  monomorphism  of 
U/dwl(I(gru  +  U(g)j)     into     U®U/(I@U  +  U  ®  J)  ^U/I(g)u/  J.     Hence, 
if    I     and     J     are  of  finite  codimension  in     U,   then     fg     vanishes  on  an 
ideal  of  finite  codimension  in     U.     Let     R     denote  the  algebra  of  all 
representative  functions.     Then    R     is  a  subalgebra  of     U 

Suppose  _/^  and       o     are  two  representations  of     U    within  the  endo- 
morphism  algebras     A     and     B.     If    X     and     Y     are  the  representation  spaces 
associated  with  J° and     a     respectively,   then-/0® ex    may  be  regarded  as 
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a  representation  of     U    with  representation  space       l(x)Y    such  that  for 
z     in     L,      x     in     X     end     y     in     Y, 

C/>(3?)    cr)(z)(x®y)      -    ^°(z)(x)(x)y     +  x®a(z)(y). 
X®Y     may  be  regarded  as  a     U  (X)  U-module0     Then  the     U-module  structure  on 
X(x)Y     is   given  by 

u     #    itf       =     d(u),w 
for  all     u     in     U,     w     in    X  (x)  I.     Further,    if     s     and     t     are  elements  of 
A       and     B  '     respectively  ^   it  is  easily  verified  that 

(s  o  _^)(t  o  t)     -     (s  g)  t)o(_/)(x)  a)    . 
Next  we  show  that     U"     is  an  integral  domain .     Let     g-,,    •  •  '  >   6n     be 
elements  of     U"     that  vanish  on     U     B    F     and  are  such  that  their  restrictions 
to     L     constitute  a  basis  for     L     .     There  exists  a  (dual)  basis 
x-,,    ...,  x       of     L     such  that     gn-(x.)   =  5.  .   9  i,   j  =  1,    00 .,   n.     Then 

J-  id  x       J  ij 

every  monomial  of  degree  >  p  in  the  g.  vanishes  on  the  subspace,  U  9 
of  U  which  consists  of  all  elements  that  can  be  written  as  "polynomials11 
of  degree  <  p  in  elements  of  L.  This  follows  easily  from  the  definition 
of  the  multiplication  by  induction  on  p.  Further,  one  can  also  see  by 

induction  that 

ql     qn   el     en 
(gl  —  gn  )(xl  —  *n  )   =  6q1>e;L  ::•  5qn,en  el-  —  enl   * 

Hence  every  element  of  UA  coincides  on  0   with  a  unique  polynomial  of 

degree  <  p  in  the  g.  .  This  gives  an  algebra  isomorphism  of  U"  onto 

the  algebra  of  formal  power  series  in  n -variables  (corresponding  to  the 

g.)  •  In  particular,  it  follows  that  U"  is  an  integral  domain. 

Notation:   Let  _y^  be  a  representation  of  a  Lie  algebra  L  over  a  field 

of  characteristic  0  and  let  M  be  the  representation  space  for  _--^  • 


mil  Jim 

Put  E  -  Horn^M,  M)  and  denote  by  P  the  algebra  of  polynomial  functions 

on  E.  Let  Sp    be  the  subalgebra  of  R  that  is  generated  by  the  "constants" 

and  the  representative  functions  associated  with  _/^  . 

[f  is  a  constant  in  R  if  and  only  if  f(LU)  =  0  „  Hence  the  map 
f  «... .>  f(l)  is  an  isomorphism  of  the  constant  functions  onto  F.  Moreover, 
multiplication  by  a  constant  f  in  U %  is  the  same  as  multiplication  by 

f(D  J 

If  f  is  any  function  on  E  and  e  is  in  E  then,  as  before,  we 
define  the  left  (right)  translate  of  f  by  e  so  that 


(e.f)(x)  =  f(xe)    (  (f.e)(x)  =  f(ex)) 


for  all  x  in  E  . 


Now     U       is  a  left  unitary  U-module  such  that   (u.f)(uf)   =  f(ufu) 
for  all     u,  u!  S,    U     and  all     f     in     U     »     Thus  if     o     is  any  representation 
of     U    with  representation  space     M       and  if    T     is  in     E(M  )     ,  u     in     U  , 
we  have 

U*(t  OCT)-   (ct(u).-c)  O  CT   , 

so  that  R  is  a  U-submodule  of  U  * 

If  e  is  in  E.  denote  by  D   the  derivation  of  P  that  coincides 

ft 

with  left  translation  by  e  on  E  *  Clearly,  such  a  D   commutes  with 

e 

every  right  translation  on  P.  We  regard  P  as  a  left  unitary  U-module 
such  that  the  endomorphism  of  P  corresponding  to  x  in  L  is  D  jq  ,   ^    , 
and  we  denote  this  operation  of  U  on  P  be  p  — •>  u(p)  for  u  in  U 

and  p  in  P.  The  map  t >  t  o  J°     from  E   to  SjO       extends  to  a 

unitary  algebra  epimorphism  of  P  onto  Sp       which  we  denote  by  p  — ~>  p* 
We  assert  now  that  the  map  p  ~— >  pf  is  also  a  U-module  homomorphism, 


' 


We  show  first  that  for     x    in    L,  the  map     f  — - >  x,.f    on    U*    is 

a  derivation.     In  fact,   if     f     and     g     are  elements  of     U':!"  ,     x     is  in     L, 
u     in     U     and     du  =  J^  a±  (X)  ^±  s   we  have 

(x.(fg))(u)       «■      fg(ux)        -■      f(x)g(dudx) 

-      f ®  g     (  Z    a.gJb.Jdgx  +  xgl) 

=      H    (f(a±)   g(b±x)     +  f(a±x)   g(b±)) 

»    (f(x.g)    i-  (x.f)g)(u) 

(From  this  it  follows  that     So         is  a  U-submodule  of  R   . ) 

For  fixed     x     in    L,   define  the  F -linear  map     f :  P  — ->  Sp  by 

f(p)    =  (x(p))»    -  xsp«      for  all     p     in     P.     Then     f(pg)  =  p'f(q)   +  f(p)q' 

for  all     p,   qg    P.      Hence,   in  order  to  show  that     f   =  0    ,   it   suffices 

to  show  that     f(p)    ■  0     for  every     p     in     E"    .     Now  if  p     is  in    E       and 
x     is  in    L     then 

f(p)      =     (x(p))»-x.p«      -     (./>(x).p)«   -  x.pi 

=   _/>(x).p  <>,/>        -     x.(po^)     =  0  . 

This  proves  the  assertion. 

Let     Q     be  the  kernel   of  the   epimorphism     p   — ~>  p»    .      0^   J^cjalled 
the  ideal  associated  with      ~S 

Now  vie  show  that  the   set     G     of  all  automorphisms   of     M     that  are   zeros 
of     Q     is  a  group.      Let     H     be  the  group  of  all  automorphisms  of     M    such 
that     Q.h  =  Q   .     If     p     is   in     P,   it   follows  from  the  definition  of  the 
map     p  ~« — >  p1     that     p'(l)      is  '^ae  value  taken  by    p     at  the  identity 
automorphism     I     of     M  •     Hence,   if     p     is  in     Q,   then     p(l)    =0   .     Thus 
if     h     is  in     H,     p  in     Q,  then  p.h     is  in     Q     so  that     (p.h)(l)   - 
p(h)   -  0   .     Thus     h     is  in     G,   hence     H    C     G       . 
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On  the  other  hand,  since    p >  p»     is  a  U-homomorphism,     Q    is 

U-stable,  i.e.,  if    u     is  in     U,  q     in     Q,  then     u(q)     is  in    Q.     Let     g 
be  in     G,     q     in    Q     and     u     in     U.     Then 

(q.g)'(u)      -     u.(q.g)'(l)      -     (u(q.g))'(l)     =     (uCqJ.g^l) 

-     (u(q).g)(l)      *    u(q)(g)    =  0   . 

Therefore     q.g     is  in     Q     whence     Q.g  CZ    Q.     Hence,    since  translations 
also  preserve  degrees  and     g     is  an  automorphism,  we  get     Q.g     ■    Q,  i.e., 
g     is  in     H.     Therefore     G  CL    H,   so  that     G     -     H. 

Let     T     be  any  group  of  automorphisms  of     M,     A     the  ideal  associated 
with    T     and  suppose    — ^(L)  o    T*    •     Then,  for  every    u     in    U     and  every 
p     in    A,     u(p)     is  in     A.     Hence     (u(p))(l)     =     0     and     (u(p))»(l)     ■    0  , 
i.e.,   (u.p!)(l)     *    0     or     p'(u)     =     0   .     Hence     p     is  in     Q     whence     AC      Q< 
Thus     G  CI  T     and  we  conclude  that     G  c.     G    /vtn°     Now  we  show  that 

G     "     GJ°(L)        * 

We  recall  that  exp(te)  was  defined  as  the  element  of  E   F   t   such 

CO    \(en)        n  y. 

that     X(exp(te))   «■    Y~"       ,    '  t       for  every     X     in    E  •     Further,  we  have 

n=0  r    .j 

identified     P    with  the   corresponding    F-algebra  of     maps  s     E  Qy  F   j  t(    «- 

F  hi       .     If     f(t)     is  in     F    ft?  and     p     is  in    P,   we  define     f(t)p    by 

(f(t)p)(z)     «*    f(t)p(z)     for  every     z     in     E  (x)    F  f  t  j     .     Similarly,  we 

oo     .n 

interpret  the  formal  power  series     exp(tD   )     =    Y~  "  — j-  D       as  a  map    from     P 

e  u._a  n«     e 

to     F<t>     P     such  that,  formally, 

oo       +n 
(exp(tDj)(p)      =    T-      5TD!(p)        . 


»> 


e  gpr    n>     e 


Actually,  this  last  formal  power  series  is  understood  to  be  that  element 
w     of    F  <t?     P     which  satisfies 


^-KDen(P)) 


tn 


n=0 


for  every     \x    in    P"   .     That  this  condition  uniquely  defines  an  element  of 
F  7,  t  I    P     follows  from  the  fact  that  with     P,     =     polynomials  of     degree 

At 

^     d     in     elements  of    E     ,     P,     is  stable  under     U       and  is  of  finite  dimension 

over     F.     Now  it  is  easy  to  verify  that     exp(tD   )     is  a  homomorphism 

e 

and  coincides  with  the  translation  which  is  defined  in     F    \  t  >    P     by     exp(te), 
i.e.,  exp(te).p  =  exp(tD   )(p)     for  every    p     in     P.     Therefore,  if 
(x)     with     x     in     L,   and  if     p     is  in     Q  , 

CO 

p(exp(te))      =     exp(tDj(p)  \l\      «      7"     *    pt(xn)tn     =     0> 


since 


V»|i] 


r^rr 


-x(p)m    =     (x(p))t(l)     =     x.p'(l)     =    pi(x)    . 


Let     C)       be  the  ideal  associated  with     G     .     We  have  ,iust  seen  that 
e  e 

Q  C  QA   .     Thus     Cr     C      G.     Hence     e     is  in     (G  )•  CI      G*       .     Thus 
e  e  e 

^/2(L)    C    G'     *     This  means  that     G     =     &  O  (\\      •     The  above,   applied  to 
T     =     G   jQ/r\     shows  that  the  ideal  associated  with     G  q/t\     is  contained  in 
Q     and  hence  coincides  with     Q   . 

Def .     An  algebraic   group  is  called  irreducible     if  its  associated  ideal  is 
prime . 

¥e  have  proved 
Theorem  2.       Let  ^P  be  a  finite -dimensional  representation  of     L    with 
representation  space     M     over  a  field  of  characteristic     0   •     Let     Q     be 
the  ideal  associated  with  «^.     Then  the  set     G     of  all  automorphisms  of 
M    that  are  zeros  of     Q     is  an  irreducible  algebraic   group  and    ^/^(L)  CZ.  G* 
Moreover,     G     is  contained  in     every  algebraic  group  of  automorphisms  of 
M    whose  Lie  algebra  contains   »^(L),   i.e.,     G  ■     G   0(r\        •     Further,      Q 
is  the  ideal  of  polynomial  functions  associated  with       G. 
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Corollary.  The  Lie  algebra  G*  of  G  is  the  algebraic  hull  of  ^(L) 

and  consists  of  all  e  in  E  for  which  DQ(Q)  C  Q  .  The  ideal  associated 

with  the  identity  representation  of^(L)  coincides  with  Q  . 

Proofs  g  The  first  part  is  already  done,  so  we  need  only  check  the  last 

statement.  Let  Q1  be  the  ideal  associated  with  the  identity  representation 

of  G*   .  By  Theorem  2,  Q'  is  the  ideal  of  all  polynomial  functions  which 

vanish  on  the  smallest  algebraic  group  H  whose  Lie  algebra  contains  G  *  ♦ 

Since  ->^(L)  C  G*  it  follows  that  G  C  H.  Hence   Q«  ^  Q»  Now  suppose 

q  is  in  Q.  Then  u(q)  is  in  Q  for  every  u  in  the  universal  enveloping 

algebra  of  G  *   .In  particular,  u(q)  <I  >  ■  0  so  that  u(q)'(l)  ■  0  9 

i.e.,  q»(u)  *  0  .  Thus  q  is  in  Q»  and  Q  C  Q!  .       Q.E.D„ 

Let     L    be  a  Lie  algebra  with  universal  enveloping  algebra     U     and  let 

_ ^  be  a  representation  of     L    with  representation  space    M.     ^fii         L  — — > 

E  =  Homp(M,   M)    •     We  have  defined  a  U-raodule  structure  on     P,   the  algebra 

of  polynomial  functions  on     E,   such  that  the  map     P  -—>    BjQ       is  a  U-module 

homomorphism.     Replacing  left  translations  by  right  translations  throughout, 

we  define  the  structure  of  a  right  U-module  on     P     so  that  the  same  map 

P  — — ■ >  S-       is  a  right  U-module  homomorphism.     The  right     U-operations  on 

P     commute  with  the  left  and  the  same  is  true  for       Sp    .     Moreover,   for 

every     e     in     E,     D       commutes  with  the  right     U-operations  on     P   .     Suppose 

D   (Q)  C.  Q   •     Then     D       induces  a  derivation  on     P/Q     and  hence  on     S*         . 

This  derivation  of     S~         is  denoted  by    D   '    .     D    *     commutes  with  the 

j~  e     e 

right  translations  on  S^   .  Let  S  be  any  subalgebra  of  R  containing 
the  constants  and  stable  under  right  translations.  Then  a  derivation  of  S 
is  called  proper  if  it  annihilates  the  constants  and  commutes  with  the  right 
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translations.  Thus  D  !  is  a  proper  derivation  of  S -.    .  The  map 
e  »^o 

e  >  De'  is  a  homomorphism  of  G*   (the  algebraic  hull  of  n(L))     into 

the  Lie  algebra  of  all  proper  derivations  of  Sp   .   This  map  is  an  iso- 
morphism onto,  for,  if  D  »  =  0  then  D  (P)  C  Q  .  In  particular,  D  (p) 
is  in  Q  for  all  p  in  E*"'  .  Hence  0  ■  D_(p)  $l{       =  p(e)  for  all 
p  in  E     Hence  e  =  0  and  therefore  the  map  is  a  monomorphism.  Now 

let  D  be  a  proper  derivation  of  Sn   0  Then  the  map  p  >  D(p')(l) 

is  a  linear  function  on  E  .  Hence  there  exists  e  in  E  such  that 
d(p»)(l)  -  p(e)  for  every  p  in  E*  .  Thus  D(p«)(l)  *  D(p)  ?I  t  for 
every  p  in  E'  .  This  extends  to  hold  for  every  p  in  P  since  the  maps 

p >  D(p!)(l)  and  p  — ^^(plW  are  differentiations.  Hence  it 

follows  that  e  is  in  G    .  Hence  D  »  is  defined  and  D  '  (p!)  =  d«(p)! 

for  every  p  in  P.  Moreover,  D  f(p»)(l)  s  D  (p)»(l)   -  D  (p)  ?  I>   = 

e  e  c   _j 

D(p!)(l)  •  Since  both  D  and  D  '   commute  with  right  U -translations, 

e 

it  follows  that  D  '  =  D.  Thus  our  map  is  an  epimorphism. 

Now  ^r'(L)     is  an  algebraic  Lie  algebra  if  and  only  if  (L)  ■  G* 

■ 

Therefore  we  have 

Theorem  3»  The  Lie  algebra  ^/\L)  is  algebraic  if  and  only  if  every 

proper  derivation  of  Sp    is  left  translation  by  an  element  of   L, 

As  before,  we  denote  the  algebra  of  representative  functions  on  L  by  R. 
Lemma  2.  Let  A  be  a  subspace  of  R  that  is  stable  under  the  right 
translations  and  let  B  be  a  subspace  of  A  that  is  stable  under  the  left 
translations.  Then  every  linear  map  of  A  into  U"  that  commutes  with 
the  right  translations  maps  B  into  itself. 
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Proof r  Let  b  be  in  B  and  let  [bj  denote  the  subspace  of  B  spanned 
by  the  left  translates  of  B  ,  Since  b  is  in  R,  [b]  is  finite  dimen- 
sional. Hence  we  can  find  a  basis  b,*  . ..,  b   of  [b]  and  elements 

ul*  •••»  ^la.     ^     ^     such  that  b^(u^)  *  6^.  .  Then  for  every  u  in  U, 

we  have 

n 
u.b  •  ^    b(uiu)bi    ; 


this  is  easily  verified  by  applying  both  sides  to  u.  for  j  =1,  ...,  n  • 
Evaluating  at  an  element  v  in  U  we  find 

b(vu)  -  ^"  bd^u^Cv)  . 

Hence 

n 
b.v  *  21!  ^(v)  b.u^     . 


i 

Now  let     \    be  a  linear  mapr    A  — *•>    tJ      commuting  with  right  translations. 

Then 

n 
\(b).v    *    ZZ    bi^  ^^^ 


Evaluate  at  1  in  U  : 

n 


Mb)(v)  =  IZH^H^)   b±(v) 


Therefore 

n 
X(b)   =  JEJMb)^)  b± 

is  in  B. 

Prop  1.  Let  S  be  a  subalgebra  of  R  that  contains  the  constants  and  is 

stable  under  right  translations.  If  D  is  a  proper  derivation  of  S, 

define  the  differentiation  D»  of  S  into  F  such  that  D'(s)  -  D(s)(l)  . 

Then  the  map  D  — •->  D»  is  a  linear  isomorphism  of  the  space  of  all  proper 
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derivations  of  S  onto  the  space  of  all  differentiations  of  S. 

Proof t       Let  6  be  a  differentiation  of  S.  Define  a  linear  map  6"  of 


•& 


S  into  U'  by  6'(s)(u)  -  6(s.u)  for  all  s  in  S  and  all  u  in  U. 

Then  6   commutes  with  right  translations  and  we  apply  Lemma  1,  with 

A  =  B  =  S,  to  obtain  6*(S)  ^  S.  Let  /*  be  the  multiplication  in  U*, 

t*    U*®  U*  "~">  U*'   Let  us  reSard  ^®F   U*  aS  a  right  U®F  u-module 

such  that  (f  ®  g).(a  ®b)  =  (f  .a)  ®  (g.b)  for  all  f,  g  in  U*  and        I 

a,  b  in  U.  Then  if  f,  g  are  in  U  ,  ia  in  U, 

(fg).u  -  tf(f®  g)odu)    .  I 

[To  see  this, 

((fg).u)(v)  «  (fg)(uv)  *  f®g(dudv)  -  ((f®  g).du)(dv)  «^((f<g}g)du)(v) 
If  f  and  g  are  in  S, 

6((f.a)(g.b))  «  6(f.a)(b.g)(l))  +  ((f .a)(l))6(g.b)  I 

-  8(f .a)  g(b)  +  f (a)  6(g.b)  I 

-  (6*f®g)(a®b)  +'(f®6*g)(a®b).  I 
Hence,   (writing    du  -JI51!®^     in     U  ®    ^ 

(6*(f)®g  +  f®  6*(g))(du)     -  2l6((f.ai)(g.bi)):. 

-  H8(^((f®g)-(ai®bi)) 

-  8(jrf((f®  g).du))  I 

-  6((fg).u)      , 


i.e. 


Thus 


(6*(f)g     *    f6*(g))(u)     «     6*(fg)(u) 


.*- 


6*(f)g     *     f  6"(g)  -     6"(fg)        , 


-£U 


so  that     6      is  a  proper  derivation  of     S.     Clearly,   (6  )       »  6   #     Further, 
if    D     is  any  proper  derivation  of    S,  then     (D')     ■    D. 
Theorem  3!    .  The  Lie  algebra ^O(L)     is  algebraic  if  and  only  if  every 
differentiation  of    Sp        is  of  the  form     f  -— >  f(x)     for  some     x    in    L. 

3.     Elementary  Theory  of  Algebraic 
Linear  Group s« 

Now  we  allow     K    be  any  field.     If     U     and     V    are  finite  dimensional 
K-spaces  we  denote  their  direct  sum  by     (U,  V),     P(U)     will  denote  the 
algebra  of  polynomial  functions  on     U.    We  identify    P(U,  V)     with 
P(U)©K  P(V)     by  means  of  the  map     f6z    P(U)(^K  P(V)   — ~>  P(U,  V)     such 
that 

J*(p®q)K  ▼)     *    p(u)q(v)   o 
Theorem  U*     Let     A     and     B    be  subspaces  of  the  vector  spaces     U     and     V. 
Let  <9i    and  <y(y  be  the  ideals  associated  with     A     and     B     respectively.     Then 
the  ideal  of     P(U,  V)     associated  with     (A,  B)      "coincides1*  with 
&f  ©K  P(V)     +    ?(U)®Ke&o     If    Oi    andcZ&  are  prme  ideals,  so  is 

Oi  ®  K  P(V)     +    P^U^  ®K  *&m     If     A     is  the  Set  of  a11  zeros  of   ^    and 
B     is  the  set  of  all  zeros  of  j&  then     (A,  B)     is  the  set  of  all  zeros 

6f  Ot®z  P(V)     ♦     P(U)  ®^J^. 

Proof?      We  denote  &(®  gP(V)     +    P(U)  ® ^S^l    I.    Write     P(U)     -    5     *   Of 

where     S     is  a  subspace  of     P(U)     such  that'    Sf\&f   «  (0).     Let     f    be 

in    P(U,  V)     and  suppose  that  the  restriction  of     f     to     (A3  B)     is  zero. 

Write     f  =  g+h    with     g     in    S  ®    P(V),  h     in  &(    (x)P(V).     Then     g     still 

vanishes  on     (A,  B),    Write     g  =  21    s.?  (X)^    with  the     s.     being  linearly 
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independent  elements  of  S  and  q,  in  P(V)  ,  Then 

5~  si(a)  qi(b)  -  0 
for  all  (a,  b)  in  (A,  B)  .  Hence,  the  element  J^  qi(b)&i  of  P(U) 
is  zero  on  A.  Hence  J^  cL±(1°)a±     is  *n  Oi   and  therefore 

T.  «ii(b)si  -  o  . 

Thus     q±(b)     =0     whence     qi     is  in  £&  .     Thus     g     is  in     P(U)  (g)  «^J^ 
whence     f     is  in     I. 

Now  suppose  that  Oi  and  ^f  are  prime  ideals  and  that     f ,   k    are 
elements  of     P(U)    (x)     P(V)      such  that     fk     is  in    I     but     k     is  not  in     I. 
Write     f  =  g+h    with     g     in    S  (x)   P(V)     and     h    in  (9f  (X)  P(V).     Since     ki    1^ 
there  exists     (a,b)     in     (A,   B)     such  that     k(a,b)  /  0   «,     Consider  the 
polynomial  function  on     Us    u  - — >  g(u,b)  k(u,b)0     This  polynomial 
function  is     0     on     A     and  hence  belongs  to    (9f    .     On  the  other  hand,  the 

function     u  — •->  k(u,b)     is  not  in   0\     so  that  the  function     u >  g(u,b) 

is  in    0{     ,     Write     g  =  3^    si  (x)  0.4     with  the     s.    (linearly  independent) 

elements  of    S     and     q.     in     P(V).     The  polynomial  function     u  — >  g(u,b) 

is     y^  \(b)   s.    o     Hence     q^(b)  =  0     for  each     i.  This  holds  for  every 

b     in  <p\^  for  which  there  is  an     a     in  Oi   with      k(a,b)  fi  0   »     Hence  the 

polynomial  function  (u,v)   — •>  k(u,v)  q^(v)     is     0     on     (A,  B) .     Hence 

the  polynomial  function  v  — >  k(a,v)  q^(v)     is  in  ^jk ' •     Thus,   as  before, 

q^     is  in  j&/    for  each     i     and  therefore  g     is  in    P(U)  (^  £&   •     Therefore 

I     is  a  prime  ideal. 

Now  suppose  that     A     and     B     are  the  sets  of  all  zeros  of    Oi   and  t^J^ 
respectively  and  let  (u,v)     be  an  element  of     I.     Then,  for  every    p 
in     (3/       , 

0     =     (p   (£)l)(u,v)      =     p(u)        . 
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It  follows  that     u    is  in  0/   ,     Similarly,   one  shows  that     v    is  in 
tyfy  .     This  completes  the  proof. 

Let     V    be  a    K -space,     E  -  Horn^v,  V)     and  let     [a     (E,  E)  — >    E 
denote  ordinary  multiplication  in    E'0     For  every    p  €~-   P(E),  p  o  |i    is 
in    P(E,  B).   In  fact,  it  suffices  to  prove  this  when    p     is  in    E*  „     Let 
(X.)     be  a  basis  for    E     .     Then  for  every    e     in    E,  p.e  =  5~  p.  (e)  X. 
If    e-j^    is  in    E,  (p.e)(e1)     «    *T  p±(e)  Xi(e1),  i.e., 

P(eel)     -    Xpi^e^     Xi^el^   • 
Therefore, 

p  o  (i  -  I!  (p±  (g)  1)  (1  ®  X±)   . 

Theorem  £»     Let     A    be  a  non-empty  multiplicatively  closed  set  of  automor- 
phisms of  a  finite-dimensional  space     V     and  let  @(   be  the  associated 
ideal  in     P(E).     Let     G     be  the  set  of  all  automorphisms  of     7    that  are 
zeros  of  Of  .       Then     G    is  an  algebraic  group  and  its  associated  ideal 
is    Of    .     An  automorphism  of     V     is  in     G     if  and  only  if     e.  Of  ^  Of 
(whence     e.©f       «    ^    ). 

Proofs     Since     M  C    A,  p  o  |i     vanishes  on     (A,  A)     for  every    p     in  Of     . 
By  Theorem  h,  it  follows  that  @f     o  HCT^f (g)P(E)   +  P(E)®£/0     Now 
suppose     e     is  in    G     and    p     in     ©f       .     Then 

(e.p)(x)     -    p(xe)  »p  o  M<(x,   e)     0 
Hence     e.p     is     0     on    A    whence     G„&(c.61<>     Thus     e„@f      *  ©f  for 
every    e     in    G, 

Let     1     be  the  identity  element  of     E,     p     be  in  Of   and     e     in       G. 
(e.p)(l)     *    p(e)  ■  0  .     Hence     1    is  in    G.     Now  suppose  that     e.Of  C.  Of 
where     e     is  an  automorphism  (so  that  actually  e„Si     «■   Of    )•     Let     p 


be  an  element  of  Of   .  Then  p(e)  ■  (e.p)(l)  ■  0  and  therefore  e  is 
in  G.  Thus  G  is  the  set  of  all  automorphisms  e  of  V  for  which 
e.(9f  C  (9f(  =  the  set  of  all  automorphisms  e  for  which  e.  ©f  =  Of     ) 
and  therefore  G  is  an  algebraic  group.  Let^^-'be  the  ideal  associated 
with  G.  Then(9fC^5'  by  the  definition  of   G.  On  the  other  hand, 
G  ^)   A  so  thatGid^     Therefore  ©f  =  £& *  Q.  E.  D. 

Now  we  assume  K  infinite  again  in  order  to  identify  the  polynomial 
functions  on  E  with  the  symmetric  algebra  over  E 

Theorem  6.  Let  G  be  an  algebraic  group  of  automorphisms  of  the  finite- 
dimensional  K -space  V  and  let  @1   be  its  associated  ideal.  Then  there 
exists  one  and  only  one  irreducible  subgroup  G-^     of  finite  index  in  G. 
G-,   is  normal  in  G.  If  p  and  q  are  elements  of  P(E)  such  that  q(l)  /  0 
and  pq  is  in  Q\    ,  then  p  is  in  the  ideal  ®i-y     associated  with    fr,   0 
Further,  there  is  a  single  polynomial  function  p-|_  such  that  p-,  (l)  ^  0 
and  such  that  * 

Oi-^     -  <  p  I  p  inj  PCE),  ppx  is  in  Gi 
Proof  t     Let  (9f-,  be  the  set  of  all  p  in  P(E)   for  which  there  exists 
p«  in  P(E)  with  p'(l)  f    0  and  pp»  in  Of  .  Clearly   (5fx  is  an 
ideal.  Every  ideal  of  P(E)  has  a  finite  ideal  basis  so  we  write 

Of1     =  ?(E)q1     ♦  ....  *p(E)qh 

with  q-j_,  ...,  q^  in   ©f-^.  Choose,  for  each  i,  q|  in  P(E)  such 
that  q£(l)  /  0,  q±qj_  is  in  Oi  ,   and  put  p]_  =  ql_   . . .  q^  .  Then  p1(l)  /  0 
and   ©f^  is  the  set  of  all  p  in  P(E)  such  that  pp-j_  is  in   O/ .  Let 
Gn  be  the  set  of  all  automorphisms  of  V  that  are  zeros  of  Of^   ,     Clearly 


fflfiC    ©f  so  that     G1  C-      G.     Also,     1     is  in     Gx  .     More  generally, 
if     e     is  in     G     and     p-^e)  f  0     then     e     is  in    ^  .     Now  suppose  that 
p     is  in    P(E)     and  that     p     is  zero  on    ^  .     Then    ppx     is  in    &(     so 
that     p     is  in      ®f  -^  .     Hence       ®1  ^     is  the  ideal  associated  with     G-,    . 

Now  suppose  that     p     is  in       ©^  ,  e     in     G     and     e-j^     in     G-,,  and 
consider    p(ee1)p1(e).     We  have    pp^     in      Of,   from  which  it  follows  that 
(p.e)(p1.e)     is  in        @i  .     If    p-^e)  £  0,  i.e.,   (p1#e)(l)  /  0  ,  this  implies 
that     p.e     is  in    ©f  ^,  whence    pCee^)  =  0.     Hence     pCee-^p^e)   «  0 
and  so  (e-^p^    is  in     Q\  ,  i.e.,  e-jp    is  in       (Si  ^  .     Hence     G^  CZ    G-j_  . 
Now,  by  Theorem  5,   it  follows  that     G-,     is  an  algebraic  group. 

To  see  that     G-j_     is  Irreducible,  take  p,   q     in     P(E)     such  that     pq 
is  in    C9f  ^    a11^     q    not  in    ^f^  .     Choose     e     in     G-,     such  that     q(e)  f  0   . 
Then     (e.Cpq)^  «*  (e.p)(e.q)p1     is  in     C9f  .     But     ((e.q)p1)(l)   «  qCe^Cl)  /0   . 
Therefore  e#p  is  in     ©l^     and  hence     p     is  in    @i  -,    .     Therefore      Of  t 
is  a  prime  ideal,   i.e.,     G-j_     is  irreducible. 

Consider  the  ideal   generated  by  all  polynomials  of  the  form  e.p-,     with 
e     in     G.     There  exists  a  finite  set     e-,,    ...,   e       of  elements  of     G 
such  that     e.p-,      is  in     P(E)e-2_»P;j_  +  ...  +  P(E)e   .p^     for  every     e     in     G. 
If     e     is  in    G     then     (e„p^)(e~  )   =  P-i(l)  f  0   „     Therefore  there  exists  an 
i     such  that     (e..p-,)(e""  )  f  0  ,  i.e.,  that     p-,(e~  e.)  f  0  .     As  was  seen 
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above,  this  means  that  e"  e.  is  in  G-,  .  Hence  G  *  LJ  e^  G-,  and 

1  i=l  x 

therefore  G-,  is  of  finite  index  in  G. 

Let  H  be  any  irreducible  algebraic  subgroup  of  G  that  is  of  finite 

index  in  G.  Let  h  be  the  ideal  associated  with  H.  Then  Q\   O  h 

and  p.,  is  not  in  h.  If  p  is  in  @i\9   then  pp^  is  in  ©f  CI  h  and 
so  p  is  in  h.  Thus  Of-,  £L  **• 


Let     H,   Hep    ♦..,  Hen    be  all  of  the  distinct  cosets  of     H    in     G. 

Then     eT       is  not  in     H    and  therefore  there  exists     q.     in     h     such  that 

-1  m        1 

q^ejT  )  /  0.     Put     q  -  '      "  eT  .q.    ,     By  construction,  q(l)  /  0,  but     q 

1=1 
restricts  to     0     on    He^   ,     Now  let     p     be  in    h.     Then    pq     is  in  (9f    and 

therefore     p     is  in    Of  ^   .     Hence     h   C-    ©f  ^     so  that     h  ■    Oi ,    ,     Thus 
H  =  G1  . 

-1 

Let  e  be  in  G  and  consider  eG-,e   .  This  is  an  irreducible  alge- 
braic subgroup  of  finite  index  (its  associated  ideal  is   e  (9f-i e"  )  and 

-1 
therefore  eG-,e  -     G..  .  Thus  G-,  is  normal  in  G  »       Q.E.D. 

Def .  G-,   is  called  the  algebraic  component  of  the  identity  in  G  and  the 
cosets  of  G-,  in  G  are  called  the  algebraic  components  of  G„ 
Theorem  7»  Let  G  be  a  group  of  automorphisms  of  the  finite -dimensional 
K-space  V  and  suppose  that  G  has  a  subgroup  H  which  is  an  algebraic 
group  and  is  of  finite  index  in  G.  Then  G  is  an  algebraic  group. 
Proof:.  Let  0\  be  the  ideal  associated  with  G,  Let  e  be  an  auto- 
morphism of  V  that  is  a  zero  of  &f     .     Let  He-,,  .  ..,  He   be  all  of  the 
distinct  cosets  of  H  in  G.  If  e  is  not  in  G,  then  no  eeT   lies 
in  H,  i  =  1,  ...,  n.  Hence  there  exists  p.  in  P(E)  such  that  p. 
restricts  to  zero  on  H  but  p_-(eeT  )  ^  0  ,  Now  put  p  ■   "]"e7  ,p. 
Then  p  is  zero  on  G  and  so  p  is  in  ©(  .  But  then  p(e)  -  0  which 
is  a  contradiction.  Q.E.D. 

Corollary.  Let  G  be  an  algebraic  group  of  automorphisms  of  V  and  let 
G,  be  the  component  of  the  identity  in  G.  Then  a  subgroup  H  of  G 
is  algebraic  if  and  only  if  H  f|  G]_  is  algebraic. 

Proof:  If  H  is  algebraic,  so  is  H  f|  ^  •  On   the  other  hand,   H  f|  G]_  has 
finite  index  in  H  because  G-,^  has  finite  index  in  G.  Hence  if  H  n  G^ 
is  algebraic,   H  is  algebraic  by  Theorem  7. 
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k.     Rational  Functions* 

Let  U  be  a  vector  space  over  K,  H  any  non-empty  subset  of  U. 
Def.  A  polynomial  function  on  H  is  the  restriction  to  H  of  a  poly- 
nomial function  on     U0 

P(H)     will  denote  the  algebra  of  all  polynomial  functions  on    H0 
Def »     A  rational  function  on     H    is  a  map     f     of  a  non-empty  subset     H~ 
of     H     into     K     such  that 

(1)  For  every     x     in     H«,  there  exists     p     in     P(H)      such  that 
p(x)  /*  0     and     pf     is  a  polynomial  function  on     H-  » 

(2)  If     p     is  in    P(H)     and  pf     is  a  polynomial  function  on     H« 
then  every    x    in     H    such  that     p(x)  ^  0     belongs  to     EL  <» 

(3)  There  exists     q     in    P(H),  not  a  zero-divisor  in    P(H),   such 
that     qf     is  a  polynomial  function  on     EL  o 

Let     T     be  the  set  of  all  non-zero-divisors  of    P(H).     We  define 

the  K-algebra    R(H)     as  the  algebra  of  quotients     P(H)T   ,  i.e.,  the 

algebra  of  equivalence  classes  of  pairs     (p*t),  p     in  'P(H),  t     in    T 

where    ,(p,t)/V(pl,  t»)     means  pt»  **p»t  a     P(H)     maybe  identified 

with  a  subalgebra  of    R(H)    . . 

Every    a     in    R(H)     defines  a  rational  function    f       on     H    as 
7  »  . 

follows r     H«       is  the  set  of  all     x     in     H     for  which  there  exists  (a,  b) 

a 
in     (P(H),  P(H))     and     (p,t)     in     a     such  that     at  =  pb     and     b(x)  f  0   „ 

We  claim  that  the  element     a(x)/b(x)     of     K     depends  only  on     x    and     a  * 

Suppose     (a1,  b!)     and     (pi ,  t»)     was  another  choice  for     x.     Then 

(a»b  -  ab')tt»   «  a'btt»   -  a^tt1   =  p»b»bt  -  pbb't  -  (p»t  -  pt»)bb»   -  0  . 

Therefore,   since     tt*     is  not  a  zero-divisor,  a'b  -  ab1   =  0   .     Hence 

a(x)/b(x)  =*  a«(x)/b»(x).    We  define     f(x)     »    a(x)/b(x)<> 
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Now  we  verify  that  the  pair     (f  ,  H  )     satisfy  conditions  (1), 


(2),  and  (3), 

(1)  With  x,  a,  b  as  above  we  claim  that  bf  ■  a  on  H-  .  Indeed, 

let  y  be  in  Hf   and  choose  a' ,  b»,  p»,  t'  in  P(H)  such  that 

a 

a't'    =  p»b*,  b»(y)  /  0   .     Then    b«(y)f  (y)     s     a»(y)    .     Further,  treating 

(ab1   «  ba'Ht*     exactly  as  above,   we  see  that     ab>    ««  ba*   =0   «     Hence, 

b(y)b«(y)fa(y)   -b(y)at(y)   «bt(y)a(y)     whence     b(y)fa(y)      -     a(y),  i.e., 

bf       =     a     on    H-       . 

a 

(2)  Suppose     a,  b     in     P(H)     and  bf     =  a     on     H^     »,   Let     p,  t     be 

a 
in     f     •     Then,  by  the  proof  of  (1),  tf     =  p     on     H«     .     Hence, 

a 
pb  =  btf     =  ta     on     H-       and  hence  everywhere  because     t(x)  ^  0     implies 

a 
x     in     H-  .     Since     t     is  not  a  zero-divisor  in     P(H),  this  gives 

a 
pb  =  ta.      Hence,"  if     x     is  in     H    and    b(x)  /  0,  then     x     is  in     H*.   . 

a 

(3)  Let  (p,t)  be  in  a  *  Then,  by  the  proof  of  (1),  tf  =  p  on 

H„  .  Hence  (3)  is  satisfies  with  q  =  t. 

a       :  • 

Conversely,   if     f     is  a  rational  function  on     H,  then  by  (3), 
there  exists  a  non-zero-divisor     q     in     P(H)     and  an  element     p     in 
P(H)     such  that  qf  =  p     on     H-.     Let     a     be  the  element  of     R(H) 
such  that     (p,q)     is  in     a.     Now  we  shew-  that     f     *  f. 

Take     x    in     EL   •     Then  there  exist     a,  b     in     P(H)     such  that 
bf  *  a     on     Hf     and     b(x)  /  0     by  (1).     Now  consider  (aq  =  pb)q  . 
If     y     is  in     H     and     q(y)  /  0     then     y     is  in     IL     by  (2)     and 
a(y)q(y)   =  b(y)f(y)q(y)   =  b(y)p(y)    .     Hence     (aq  =  bp)q  -  0   .     Since     q 

is  not  a  zero-divisor,  this   gives     aq  ■  bp.     Hence     x     is  in     H^       and 

(   \  a 

f  (x)      =     a./<"    -     f(x).     Now  let     z     belong  to     H-   .     Then  there  exist 
cr    '  b(x)  s  '  a 

.  a,  b     in     P(H)     such  that     b(z)  /  0     and     aq  ■  pb.     We  claim  that 


bf  ■  a    on     H«#    We  have  already  shown  that     H»  £L    H-       and  that     f 

coincides  with     f    on    H-.     From  the  proof  of  (1)   above,  we  know  that 

bf    =  a  .     Hence     bf  ■  a     on    H «  »     Hence,  by  (2),     x    is  in     JL.  • 

Thus     Hf  *  Hf    and     f  ■  f     . 
a, 
Thus  the  set  of  all  rational  functions  on     H     is  in  one-to-one 

correspondence  with  the  elements  of    R(H)     and  therefore  inherits  the 

structure  of  a  K-algebra. 

Def ,       A  subset     S     of     H     is  called  algebraically  dense  in     H    if  there 

exists  a  non  zero-divisor     q     in    P(H)     such  that     q(x)  f  0     implies     x 

is  in    S. 

Lemma  3»  Let  f  and  g  be  rational  functions  on  H  and  suppose  there 

exists  a  dense  subset  S  of  H  such  that  f(x)  =  g(x)  for  all  x  in 

S  r\   Hf  r\    Hg  .  Then  f  =  g. 

Proof  t    There  exists  a  non  zero-divisor     s     in     P(H)     such  that     sf  =  u 

on    Hf    where     u    is  in    P(H),   sg  =  v     on     H      where     v    is  in     P(H) 

and  also     f(x)   ■  g(x)  whenever  s(x)  /  0  ♦      (Find  a  non  zero-divisor 

for  each  of  these   conditions  separately  and  put     s  =  the  product.) 

Suppose  a,  b,  a  j  b       are  elements  of     P(H)     such  that     bf  =  a 

#  -ft 

on    Hp,  b  g  =  a       on     H     0     Now  since     sf  ■  u     on     H„     and     bf  =  a 

on     H«,     bu  =  sbf  =  sa     on     H„  .     By  conditions  (2)   and  (3)  for  rational 
functions,   there  is  a  non  zero-divisor     q     in     P(H)     such  that  every     x 
in    H     for  which     q(x)  f  0     belongs  to     H„  •     Now  (bu  -  sa)q  ■  0     and 
hence  bu  -  sa.     Similarly  b  v  =  sa     .     Since     u(x)   =  v(x)     whenever 
s(x)  fi09   it  follows  that  su  =  sv.     Hence,   since     s     is  not  a  zero- 
divisor,  u  =  v.     b  as  =  bb  u  =  b  as     whence     ba    =  oa, 
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Hence,   on     H  ,   (bg  ~  a)b'    -  bb"g  -  ab"  =  ba     -  ab'    =  0   .     Hence 

6 

b(x)g(x)  =  a(x)  whenever  b""(x)  /  0  .  But  if  x  is  in  H  ,  b   may 

o 

At 

be  chosen  so  that  b  (x)  /  0  .  Hence  b(x)g(x)  =  a(x)  for  every  x 

in  H  ,  i.e.,  bg  -  a  on  H  .  Now  suppose  x  is  in  H-  .  Then  we  can 

go  i 

choose  the  above  a,  b  in  P(H)  such  that  bf  -   a  on  Hf  and 

b(x)  ^  0  .  Since  bg  =  a  on  H  ,  it  follows  that  x  is  in  H   by 

&  g 

condition  (2).  Thus  Hf  C   H   and  f(x)  =  g(x)  for  all  x  in  H 

*     &  i 

Similarly  H  d   H«  .  Thus  H-  ■  H   and  f  =  g.      Q.E.D. 
g      i  i    g 

As  before,  H  is  a  subset  of  a  vector  space  U  and  now  let  17" 
be  another  vector  space. 

Def .  A  map  ^Q    j  H  — ->  V  is  called  a  polynomial  map  if  X  o  ^fi    is 
in  P(H)  for  every  X  in  V  .  A  rational  rap  from  H  to  V  is  a 
map  _yO  of  a  dense  subset  Hp   of  H  into  V  such  that  for  every 
X  in  V'  f   X  ojO    is  the  restriction  to  Hp    of  a  rational  f  unction 

y%  on  H  and  H^=  Qv**jox- 

Note  that,  since  Hn   is  dense  in  H,  it  follows  from  Lemma  3 
that  mJ®\    is  uniquely  determined  by  O   and      # 


.* 


Let  X..,  ...,  X  be  a  basis  for  V'  and  write  wtfi\  f°r  m^fi\  • 
Every  element  X  of  V  is  a  linear  combination  X  ■  k-Ju  ♦  ...  +  kn\, 
with    k-,,    ...,  k  ^    K    and    J^\     coincides  with    ^\J^i  +  •••  +  ^n/?    on 

Hp       .     Since     Hp      is  dense,   the  Lemma  gives  that   *P\  m  k^  J^\  +  •••+^cn-^n 

n 
and  hence     Ho    13  /"\    Hp    .      (Note  that  it  follows  easily  from  our 
-'X      i-3.    ^i 

definitions  that  if     f     and     g    are  any  two  rational  functions  on    H 

then     Hp       Z3  Hf  r\  H         and     Hf    3  Hf   /°\    H       and  further,   for  every     x     in 

HfH   H,   (f  +  g)(x)     -    f(x)     +     g(x),   (fg)(x)   =f(x)g(x).     Moreover, 
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by  the  Lemma,  f  +  g     and  f  g    are  uniquely  determined  by  these  properties,) 

On  the  other  hand,  the  definition  of  rational  map  gives     Hp   ^- 

C\   H/)       .     Therefore     Hn       =    A    HA    and  -/*     is  given  by    P  (x)   = 
i=l    'l  "\         i=l  S*± 


n 


5T"  ^P-?(x)v-?  where  the  v.  are  elements  of  V  such  that  X.(v.)  =  6- .   0 

Thus  ^P   determines  an  element  J^^P^®  Vj_  of  R(H)@  k  V  . 
Conversely,  if  a  is  in  R(H)(x)K  V,  we  have  «  =  21  fi(*)  vi  with  tiie 
f.*  in  R(H)  and  the  v.  linearly  independent  in  V„  Then  a  determines 

n 

a  rational  map     O    i     H >  V     such  that     Hn      ■     H   Hf       and    P_(x)     = 

-^    °  J-'d         i=l     xi  "^    a 

^>"*  f  .(x)v.     for  all     x     in     Hq      . 

-/  a 

This  gives  a  one-to-one  correspondence  between  rational  maps j     H  — »->  V 
and  elements  of     R(H)(£)V  .     We  identify    R(H)  (x)l    with  the  corresponding 
rational  maps  so  that  the  rational  maps  become  an     R(H) -module,, 
Def .     A  rational  representation  of  an  algebraic  group     G     is  a  represen- 
tation of     G     which  is  also  a  rational  map. 

Theorem  8»     Let     G     be  an  algebraic  group  of  automorphisms  of  the     K-space 
U.     Let  ^JO  be  a  rational  representation  of    G     by  automorphisms  of 
another  vector  space     V.      Let     H    be  an  algebraic  group  of  automorphisms 
of     V.     Then  jD"  (H)     is  an  algebraic   subgroup  of     G„ 

Proofs     Letc^  be  the  ideal  of     P(E(H))      associated  with    ^^=1(H)„     Let 
B     be  the  set  of  all  automorphisms  of     U     that  are  zeros  ol&\y*  •     B7 
Theorem  £,     B     is  an  algebraic   group  with  associated  ideaL^Cr,     Let 
Qi     be  the  ideal  associated  with     G.     Then  (Sic.  <£&    whence         B  C    G„ 

Now  let     b     be  in     B     and  let     q     be  a  polynomial  function  on 
E(V)     which  is  zero  on     H.     Then     q  oO     is  a  rational  function  on     G 
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and     q  oj)    is   zero  on     J3~l(K) .     Now     q  ojO    is  defined  at  every 

point  of  G  so  there  exist  ufo  and  v.   in  P(E(U))   such  that  v,  (b)  /  0 

uh(x) 

and     q  o  jO  (x)   ■  y  <i  •y    whenever     x     is  in     G     and     v.  (x)  /  0   .     Then 

b 

ubvb     is  inc^y  so  that     vb(b)ub(b)     =     0     and  therefore     u  (b)      =     0   . 
Hence     q  oj)(b)      =     0    .     Since  this  holds   for  every     q     in     E(V)'     which 
is   zero  on     H,   it   follows  that^P(b)     is  in     H,   i.e.,     b     is  in 
^P"1^).     Thus     B-    J^'HyL)    .  Q.E.D. 

^ *     E^ensj-on  °£  the  Base  Field . 

Let     L     be  an  arbitrary  extension  of  our  base  field     K.     If     V 
is  a  finite -dimensional     K-space,  we  shall  write     v       for     1 Q)  «•  L     and 
identify    E(V)L     with    E(VL) .     Also,   every  element  of     E(V)*     can 
be  extended  uniquely  to  an  element  of     (E(V)*)L     =     (E(V)L)*  =  E(VL)* 

Hence  we  obtain  a  K-algebra  monomorphism :     P(E(V)) >     P(E(V  ))      . 

Identifying     P(E(V)>     with  its  image  in     P(E(VL))     we  write 

PCECV1))      =     (P(E(V))L     . 

Theorem  10.  Let  G  be  an  algebraic  group  of  automorphisms  of  T"1       * 

—  ■■■■«!■  pi       llWf^W 

Then     G  C\   E(V)     is  an  algebraic  group  of  automorphisms  of     V. 

Proof :     Let   Of    be  the  ideal  associated  with    G     in     P(E(VL))   .     Let 

(J  a)     be  a  basis  for     L     over    K.     Then  if     p     is  in    Oi    ,  write 

p  =  1!    pi©^i    with    pi  in    p(E^v))   •     Let    s     be  the  set  of  a11    pi 
so  obtained.     Then     G  H     E(V)     is  the  set  of  all  automorphisms  of     V 

which  are  zeros  of     S.     Hence     G  C\  E(V)     is  an  algebraic   group.  Q.E.D. 

Lemma  k*     Let     A     be  a  subset  of  a  finite-dimensional  K-space     U     and  let 

^— *■■■  ■  ■■»■    ■■— 

QA    be  the  ideal  associated  with     A.     Then  the  ideal  associated  with     A 
in    PCljk)     is     OiL  .     Furthermore,     (9/L     is  prime  if  and  only  if    Oi     is 
prime. 
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Proof  g    Recall  that     PCtf)     *    P(U)L  *     Let     p    be  in     ?(!?*)     and  suppose 
p(A)   =  0  *     Let     { J( .)     be  a  basis  for     L     over     K     and  write     p  =  T""p-  ffiJ- 
with  the     pi  in     P(U) .     Then,   since  the      -f  i     are  linearly  independent, 
it  follows  that  the     p.     are  in    &f     0     Therefore  the  ideal  of     PClT^) 
associated  with    A     is    @4        0 

Clearly    ®fL(^   P(U)   -  Of.     Hence  if    Of L     is  prime,  so  is    Oi      . 
Now  suppose  that     ©f    is  prime „     Let     p     and     q     be  elements  of     P(IT) 
such  that    pq     is  in   (9^        and     q     is  not  in     (Pi       •     Write    p  »  V"  p .  (J$)Jl> 
311(1     q     =    ZI     %®^±  '     Since     q    is  not  in    ©(   ,  there  exists  an  index 
j     such  that     q.     is  not  in    &\   •     Now  choose  a    in    A     such  that 
q.(a)   ^  0   •     Then     q(a)  £  0     and,  hence,   since     p(a)q(a)   =  0  ,  p(a)   =  0 
whence     pAa)   -  0     for  each     ie     Hence     p^(a)q. (a)     =0     for  all     a       -■ 

in    A,  i.e.,     p.q.     is  in      Of     .     Since     q.     is  not  in    C9\     it  follows 

J  J 

that  p^  is  in  ©f  and  hence  that  p  is  in  ©f   „  Thus  ®\       is  prime ♦ 
Theorem  11«  Let  G  be  an  algebraic  group  of  automorphisms  of  a  finite- 
dimensional  K-space  V.  Let  G   be  the  intersection  of  all  algebraic 
groups  of  automorphisms  of  v   that  contain  Ge  Let  (3(  be  the  ideal 
associated  with  G  in?  P(E(V))„  Then  the  ideal  associated  with  G 
in  PCECV1*))  is   ®fL  .  Farther,  GL  |C|  E(V)  =  Ge  Let  G^  be  the 
component  of  the  identity  in  G.  Then  (G-, )   is  the  component  of  the 
identity  in  G  .  If  e±G-\     are  "the  distinct  cosets  of  G-»  in  G  then 
e.(G  )   are  the  distinct  cosets  of  (G-.)   in  G  « 

Prooft  By  the  Lemma,  ®i        is  the  ideal  associated  with  G  in  P(E(V;)  0 
Let  G   be  the  set  of  all  automorphisms  of  v*  that  are  zeros  of  ©f    • 

By  Theorem  $9     G   is  an  algebraic  group  and  its  associated  ideal  is  ©f   „ 

11  L  1  L 

Since     GO  G>     G     3    G     .     On  the  other  hand,     G    ^D    G     and  hence  the 
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ideal  associated  with  G   is  contained  in  0{       .  Therefore  G1  CL    ^   • 
Hence  G  «  G   and  its  associated  ideal  is  (9f   • 

By  Theorem  10,  G  (~\     E(V)  is  an  algebraic  group.  Let  p  be  in 
©f  •  Then  p  is  in  ©f   and  hence  p  is  zero  on  G  0     Since  G 
is  an  algebraic  group,  it  follows  that  G  13  G  rl  E(V)  „  On  the  other 
hand,  it  is  obvious  that  G  C.  GL  p\  E(V).  Hence  G  =  GL  D   E(V)  „ 

Let  ©■(-*  be  the  ideal  associated  with  G-j  «  Then  Oi  -r  is  prime 
and,  by  the  lemma,  ©f  -,  is  prime,,  Since  ®l  -,  is  the  ideal  associated 

with  (G^)  ,  (G,)    is  irreducible «  The  sets  e.j(G^)   are  contained 

L  L 

in  G  ,  Suppose  now  that  s.  and  s.  are  elements  of  (G-t)   such 

that  e^  »  e.a*  .  Then  eT  ei  »  siai   ^  in  (Gl)  ^  E(v)  =  Gl  • 

T 

Hence  i  =  j  and  thus  the  sets  e.  (G-*.)   are  distinct  0 

Let  s  be  an  automorphism  of  v   that  belongs  to  none  of  the 
64(6-1)  •  Then,  for  each  i,  there  exists  p.  in  P(E(V)^  such  that 

mlm  Jm  J-  _ 

L  -1  I 

p.     is  zero  on     (G,)       while     p.(e7  s)  ft  0  .     Since     G    *    {J   e.G-,     , 

iX     -1  L 

the  function     Pi#ei   ^s  zero  on  G  an<^  hence  also  on  G  c  Since 

L  L    k/      T, 

it  does  not  vanish  at  s,  s  is  not  in  G  «,  Therefore  G  ■=  V-/  e^(GT)  0 

1«1 

L  L 

Thus  (Gt)   is  irreducible  and  of  finite  index  in  G   so  that 

(G^)1,  -  Cg\   .  Q.EJD. 

Let  P(B)  be  the  algebra  of  all  polynomial  functions  on  G<, 

Let  p  be  in  P(G)  then  .  p  is  the  restriction  to  G  of  an  element 

q  in  P(E(V)).  We  have  identified  P(E(V))  with  its  image  in  PCeCV1})  . 

In  this  sense,  we  get  q|  T  is  in  P(G  )  ,  If  q  and  r  are  two 

QT 
elements  of  P(E(V))  which  coincide  on  G,  then  q|  _  -  r|  T  because 

r  GL      GL 

every  element  of  P(E(v  ))  that  is  zero  on  G  is  also  zero  on  G  „ 

Thus  we  get  a  map  P(G)  — >  P(G  )  and  this  map  is  a  K-algebra  monomorphism* 


This  map  can  be  extended  by    L-linearity  to  a  map  $%     P(G)1, >  P(GL)   . 

Since  the  map     P(E(V))L  . — >  PCeCV1*)}     is  an  epimorphism,   it  follows  that 
rf    is  an  epimorphism.     Now  suppose     p     is  in 

P(G)       and     j*f(p)     ■    0  .     Then    p  =  JT    P±0^±    with  the   ~f±    linearly 
independent  and    p.      in     P(G)0     Take     x     in     Go     Then 

o     =  *p)(x)    =  ZJiPiM 

and  hence     p^(x)   -  0     for  each     ie     Therefore     p.   =  0     and  thus     p  -  0   0 
Thus     /    is  also  a  monomorphism  and  hence     /    is  an  isomorphism* 

Let     R(G)     and    R(G  )     denote  the  algebras  of  rational  functions 
on     G     and    G     respectively.     If    q     is  in    P(G)     and     q     is  not  a 
zero-divisor  of    P(G)     then  its  canonical  image  in    P(G  )     is  not  a 

zero  divisor.     For,   suppose     P  =  21    piSV\L       ^"s  an  elemerrt  of    p(G  ) 
with  the      J( .     linearly  independent  and  suppose  qp  =  0   .     Then     qp     ■ 
y  qpj    ®J( ^  -  0   .     Hence  each     qp^  =  0     whence  each     p.   »  0     and  there- 
fore    p  =  0   o     Hence  the  isomorphism     P(G)   «-»>  P(G  )   can  be  extended 

uniquely  to  a  K-algebra  monomorphism?     R(G)   «— >  R(G  }     and  hence  to  an 

T  T 

L-algebra  homomorphism t    R(G)     ~>  R(G  )    „     It  follows  immediately 

that  this  is  still  a  monomorphism,     Hoitfever,   it  is   generally  not  an 

epimorphism. 

As  before,  let     H    be  a  subset  of  a  vector  space     V<> 

Def o     A  subset     S     of     H     is  called  a  unicity  set  in     H     if  the  restriction 

map     P(H)  —  >  P(S)      is  a  monomorphism „ 

Lemma  £.     Let     S     and     T     be  subsets  of     H.     Suppose  that     S     is  a 

unicity  set  in     H    and  that     T    is  dense  in     H.     Then     S    O  T     is  still 

a  unicity  set  in    H, 

Proof  r  Since     T     is  dense,  there  exists  a  non  zero-divisor     q     in    P(H) 

such  that  if     q(x)   jt  0     for     x     in     H,  then     x     is  in    T,     Now  let     p 
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be  in  P(H)  and  suppose  p  is  zero  on  S  ^  T.  Then  pq  is  zero  on 

S  and  hence  pq  =  0  since  S  is  a  unicity  set.  Thus,  since  q  is 

not  a  zero-divisor,  p  ■  0  .         Q.E.D* 

Lemma  6,  Let  f  and  g  be  rational  maps  from  H  to  a  vector  space 

W  and  suppose  there  exists  a  unicity  set  S  in  H  such  that  f (x)  » 

g(x)  for  all  x  in  S  ^  Hf  ^  H  .  Then  f  =  g  , 

i  g 

Proof  t  For  each    X     in    ¥      consider  the  rational  functions     f^     and     g^ 
on    H    and  argue  on    f -v   -  g^   .     Since    F-        nH,  AH        and  since 

S  /~\   H«  /"\    H      is  still  a  unicity  set  in    H    by  the  previous  lemma,  it 

suffices  to  prove  that  if  a  rational  function     f    is  zero  on    S  /^  H 

f 

then  f  =  0  . 

There  exists  a  non  zero-divisor  q  in  P(H)  and  p  in  P(H) 
such  that  qf  -  p  on  H„  .  qf  is  zero  on  S  /^  Hf  $  thus  p  is  zero 
on  S  r\   Hp  •  If  q(x)  £  0  then  x  is  in  EC-  and  therefore  qp  is 
zero  on  H,  Hence  p  -  0  and  hence  f  »  0  « 

Prop, 2.  Let  S  be  a  dense  subset  of  an  algebraic  group  G„   Then 
SS  =  Go 

Proof t  ST      is  still  a  dense  subset  of  G.  In  fact,  there  is  a  non 
zero-divisor  p  in  P(G)  such  that  if  x  is  in  G  and  p(x)  £  0  then 
x  is  in  S,  Define  p(x)  ■»  p(xT  )  ,  Let  d  be  the  determinant  function 
on  G.  Then  dp  is  in  P(G)  for  n  large  enough.  Also  d  p  is 
not  a  zero-divisor  in  P(G) .  In  fact,  suppose  that  q  is  in  P(G)  and 
that  d^pq  =  0  e  Then  (d)npq  *  0  ,  But  cT  ~  t  so  "that  we  may  conclude 
that  d  pq  *  0  for  all  n.  Taking  n  so  large  that  d  q  is  in 
P(G)  we  conclude  d  q  =0  whence  q  =  0  «, 

If  (d^Cxr)  /  0  ,  then  p(x  )  /  0  so  x    is  in  S  whence 
x  is  in  S~  »  Therefore  S~   is  dense  in  G,  Take  e  in  G» 
Then,  since  S*"   is  dense  and  since  the  map  p  -— >  e.p  is  an  auto- 
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morphism  of    P(G),  it  follows  that    S"  e     is  still  dense  in    G. 

•1  -1 

Hence     S     e  f^\  S     is  dense  and,  in  particular,     S     e  r\  S  f  £  .     Take 

s^,     in    S"  e/^iS   •     Then     s^  *  s!  e     for  some     s?     in    S,  i.e.,  e  «  sps,    . 
Q.E.D. 

Theorem  12.     Let     G     be  an  algebraic  group  of  automorphisms  of  a  finite- 
dimensional     K-space     V     and  let     /$    be  a  rational  representation  of     G 
by  automorphisms  of  a  finite-dimensional     K-space     U.     Let     H    be  the 
algebraic   group  hull  of  ^^/DCG)     and  let     L     be  an  extension  field  of     K„ 
Then  there  exists  one  and  only  one  rational  representation     it^       of    G 
by  automorphisms  of     IT*     that  extends      jQ     „     Further,  the  algebraic  group 
hull  of   yOL(GL)     is     H1*  . 
Proof  t       JO  can  be  extended  to  a  rational  map       b    t     G     «=—>  E(lJ  )    . 

Put     R  =  (G  )  -    ,     Evidently     G  C    R.  For    x    in     G     ,     let     T      be  the 
&*  x 

^*  L  L 

polynomial  maps     G     — >  G       such  that  1L.(y)   -  xy0     The  map  p  — »->  p  o  %%> 

X  jF 

P(G  )  — >  P(G  )  is  an  algebra  automorphism  and  hence  we  see  easily  that 
^jD      o  "E   is  still  a  rational  map  from  G   to  EClr1)  »  It  is  easy  to 
see  that  (G  )        *  jTo.   • 


X: 


Now  suppose     x     is  in     R.     Then  there  exists  one  and  only  one 
rational  map:     G     — - >  EClT1)     whose  domain  contains     R     and  whose  value  at 
every    y    in    R    is    jOL (x) ^L(y) .     (IfJ°L    **Z1  fl®el    ^th  the     ei 

linearly  independent  in     E(lT),  then    ]jjT    £-  ®jCr(x)e.      has  those  properties 

and  is  unique  because  of  the  denseness  of    R.)     Denote  this  rational 

map  by  ^fi   \x)^P     •     If     x     and     y     are  in     G,  we  have     ( ^p      o  ?x)  (y)     » 

^0L(xy)  =_p(xy)  -J0(x)  JD(7)     -  J^M  j>\j)     -    ( J^MJ^Ky)   - 
Thus     for     x    in    G,  these  rational  maps    jP     o  t      and     O  (x)P       coincide 
on     Go     Now     G     is  a  unicity  set  in     (j      and  hence,  by  Lemma  6  , 
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jOL  o  T      *    />L(x)jO  L    for  every    x    in    GL  ,    But     (GL)     T  T  ID  R 

■^  *       -^       ^  JoL(x)J3L 

and  hence     (G')     r  3  R.     Thus     x    RO  R    and  therefore     R   O    GR  . 

T  T  T 

Furthermore,  J5   (xy)     «=   _fi    (x)  ^    (y)     whenever     x    is  in     G     and    j     is 

in    R« 


t  -  -  aL/iL 


R 


$ 


l£t     o-y(x)   =  xy)     and  form  ^L  o  aJy    and  ->0L-/5L(y)    „     For    y    in 
it  follows  as  before  that     J>L  o  a    »    P  LJ>  L(y).     (gL)  „  T  „-        jn  R 

and     (G  )  T  =Ry~     0     Hence     Ry     3   R     and  therefore     R  S  RR;     By 

•^  7 

Prop. 2,  RR  =  GLe     Hence     R  =  GL  . 

Thus    ^fi   ,  Jr*      o  o*      and  ^fi  ^fi    (y)     are  rational  maps  defined  at 
every  point  of     Cr      for  every    y    in    G       and  further,  ^fi      o  o       « 
jOLjOL(y)   .     Hence    >>L(xy)     =  >>L(x)  jP  L(y)     for  all     x,  y    in    GL     so 
_/>L     is  a  homomorphism.  

In  particular,   jOL(x)jOL(x":L)     •  jOL(l)     .J9(i)-i.     ThusjOL(x) 
is  an  automorphism  of     u     •     Therefore    ^^       is  a  rational  representation 
of     G      by  automorphisms  of     u     „     Since     G    is  a  unicity  set  in     65  there 
can  be  only  one  such  rational  map  coinciding  with    JQ   on     G  0 

Let     H*    be  the  algebraic  hull  of -yOL(GL)e     Then     H*  ^    E(U)     is 
an  algebraic  group  and     H   r\  E(U)  OjO(G)0     Hence     H    C\  E(U)  ZD  H    whence 
^CZ      (H*>0     E(U))L^    H*.     Now  let     p     be  in     P(E(UL))     and  suppose     p     is 
zero  on     IT,     Then    p  o  _jQ       is  a  rational  function  on    &    which  is  zero 
on    G„     But     G     is  a  unicity  set  in     G       and  therefore     p  o  jP       is 
zero  on     G  ,  i.e.,  p     is  zero  on   ^P   (G  )     and  so  on    H     „     Therefore 
H*C.   H1     and  so     H*     =     HL  „  Q.EeD* 
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6.     Specializations ,   Generic  Point3  and  Dimension, 

Let     U    be  a  K-space,     L     a  field  containing     K.     As  before,  we 
identify     P(U)     with  its  canonical  image  in     P(UL) .     For     s     in     l^  , 
the  elements     p(x),  with    p     in     P(U),   constitute  a  ring  which  we  denote 
by     K[s].     Clearly    KQ    K[s]   CL    L.     K[s]     is  generated,  as  a     K-algebra, 
by  the  elements     \(s)     with     X  fi    U'  .     We  denote  the  field  of  quotients 
of     K[s]     by     K(s). 

Let     L1     be  another  field  containing1  K   0 
Def.     An  element     s»     in     XT      is  called  a  specialization  of     s     (in     U  ) 
relative  to     K    if  for  every    p     in    P(U),  p(s)   »  0     implies 
p(s!)  -   0   .    ¥e  denote  such  a  specialization  by    s  «—- >  s*  •     This  means 
that  there  exists  a  K-algebra  epimorphism*     K[s]  — >  K[s!]     mapping 
each    p(s)     onto     p(s&f )    . 

Def.   S*     is  called  a  generic  specialization  of     s     if     s     is  also  a 
specialization  of     sT,  i.e.,   if  the  epimorphism:     K[s]   -— >K[sf]     is 
also  a  monomorphism.     If     s'     is  a  specialization  of     s,   the  subring  of 
K(s)     consisting  of  all  fractions     Ej~<     with     p,  q     in     P(U)     and 
pCs1)   ^  0     is   called  the  specialization  ring     of  the  specialization 

s >  ss»    . 

There  is  one  and  only  one  extension  of  the  epimorphism  K[s]  — «-> 
K[sT]  to  an  epimorphism  of  the  specialization  ring  of  s  — — >  s1  onto 
KCsj1  ).  s*  is  a  generic  specialization  of  s  if  and  only  if  the 
specialization  ring  of  s  — ->  s»  is  K(s)  and  the  map  K(s)  -~ ■>  K(sj*) 
is  an  isomorphism. 


-70- 

If  G  is  an  algebraic  group  of  automorphisms  of  a  K-space  U  , 
the  elements  of  G   are  called  generalized  points  of  G,  If  every 
point  of  G  is  a  specialization  of  the  generalized  point  s  in  Qt     , 
we  say  that  s  is  a  generic  point  of  G. 

Let  G  be  an  algebraic  group  with  associated  ideal  0\    .  Suppose 
G  has  a  generic  point  s.  Then  p  is  in  (y^    if  and  only  if  p(s)  -  0  . 
Hence  @f    is  a  prime  ideal,  i.e.,  G  is  irreducible. 

Now  suppose  that  G  is  irreducible.  Then  the  ring  R(G)   of 
rational  functions  on  G  is  a  field  L»  In  fact,  since  the  ideal 
associated  with  G  is  a  prime  ideal,  P(G)  is  an  integral  domain. 
Let  s  be  the  element  of  E(U;  which  is  determined  by  the  condition 
that  X(s)  is  the  restriction  to  G  of  \     for  every  X  in  E(U)   . 
Then  p(s)  is  the  restriction  of  p  to  G  for  every  p  in  P(E(U))  . 
Therefore  p(s)  =  0  if  and  only  if  p  is  zero  on  G.  Thus  every 
point  of  G  is  a  specialization  of  s  relative  to  K  and  s  is  a  zero 
of  the  ideal  Of  associated  with   G. 

The  ideal  associated  with  G   is   £5ty   and  s  is  also  a  zero  of 
Qi       .  Let  d  be  the  determinant  function  on  E(u  )  .  Then  d(s) 
is  the  restriction  of  d  to  G.  Hence  d(s)  f  p  .  Hence  s  is  an 
automorphism.  It  follows  that  s  is  in  Gr   and  thus  s  is  a  generic 
point  of  G. 

Theorem  13 .  Let  G  be  an  irreducible  algebraic  group  and  s  a  generic 
point  of  G.  Then  every  generalized  point  sl   of  G  is  a  specialization 
of  s  and  s!  is  a  generic  point  of  G  if  and  only  if  s1  is  a 
generic  specialization  of  s.  If  L  is  a  field  containing  K  and  if  t 
is  an  automorphism  of  XT'    such  that  t  is  a  specialization  of  s! 
relative  to  K,  then  t  is  in  G   . 
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Prooft    Supose     s»     is  an  element  of    GL'   .     If   Qf    is  the  ideal 

associated  with    G,  then,  by  Theorem  11,     ®fL?     is  the  ideal  associated 

L» 
with    G       ,    If     p     is  any  element  of    P(E(U))     such  that    p(s)  =  0 

then    p    is  in    Gfy    since     s     is  generic.     Hence    p     is  in       (9fLf   ,  whence 
p(s»)   =  0  .     Therefore     s»     is  a  specialization  of     s. 

Suppose     s»     is  a  generic  point  of     G.     Then     q(s>»)   =0     if  and 
only  if     q(s)  «  0  ,  whence  the  specialization  ring  of  s  -«->  s!     is 
K(s).     Further  it  is  now  clear  that  the  epimorphism?     K(s)  — >  K(sj») 
is  an  isomorphism.     Hence     s»     is  a  generic  specialization  of     s.     On 
the  other  hand,   if     s*     is  a  generic  specialization  of     s     then  clearly, 
s     is  a  specialization  of     s*.     Since     s!   — >  s     and     s  «— >    t     implies 
«'  — ->  t  ,  every  point  of     G    is  a  specialization  of     s»    .     Therefore 
s;»     is  a  generic  point  of     G. 

Now  let     L  J3  K     and     t     an  automorphism  of     u       such  that     s!   «=—«>  t   e 

Then    ©f(s;»)   »0     and  hence     (5/(t)   «0  .     But  then     ©fL(t)   -  0  „ 

L 
Thus,  by  Theorem  11,  t     is  in    G     .  Q.E.D. 

Def.  If    G     is  an  irreducible  algebraic  group,  the  dimension  of     G 

is  defined  as  the  transcendence  degree       <  R(G) t    K  (   of    R(G)     over    K. 

If     G    is  an  arbitrary  algebraic  group,  the  dimension  of     G    is  defined  to 

be  the  dimension  of  its  component  of  the  identity     G-,    „ 

If     s     is  in     IT,  we  define     dimK(s)     *     JK(s)j     K?    « 

Theorem  lit.     If     s     is  in     U       and     s  ™>  s'     relative  to     K,  then 
dim^s1)  <  dim_.(s)     and  equality  holds  if  and  only  if     s»     is  a  generic 
specialization  of  s  • 

Proofs  If     s  — >  s1   ,  we  have  a  K-algebra  epimorphism  of     K[s]     onto 
K[s*]#     Hence  the  transcendence  degree  of    K(s)  >  transcendence  degree  of 
K(s')    . 
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If  s»  is  a  generic  specialization  of  s,  K(s)/££^K(s' )   9   hence 
diraK(s)  ■  dira_(s»)  „ 

Suppose     dim-Js)   =  dinu(sT)  p  d     and  choose  a  transcendence  basis 
vl*   •••>  vc[     °f     K(s!)     over     K     such  that     v^,    ..„,  v,     are  in    K[s»]   « 
Choose    w.     in    K[s]     such  that     j^(w . )  »  v.     where     rf    is  the  specialization 
horaomorphism j     K[sJ  -=->  K[sf]„     Then    w.,,    00,9  w,     is  a  transcendence  basis 
for    K(s)     over     K    whence     K(s)     is  algebraic  over     K(w-,,   eo„5  w,)   Q 
Let    R     be  the  specialization  ring  in     K(s)     of  our  specialization 
s  — >  sf     and  extend     ^    to  a  homomorphism    fit    R  «—>  K(s')    „     Clearly 
K^,   ...,  wd)  c.  R  . 

The  restriction  of    $    to     K(w,,    oa.9  w.)     is  a  monomorphism<>     If 
f     is  any  polynomial  with  coefficients  in    K[wi,,    .„.,  w«],  let     f* 
denote  the  polynomial  obtained  by  applying    fi    to  the  coefficients  of    f # 
Take     x  ^  0     in    K[s]     and  let     f    be  the  minimum  polynomial  of    x 
over    K[Wij,   •♦•,  w  J.     Since     x  /  0,  f(0)  ^0     and  hence     f*(0)  /  0  . 
Therefore     ^(x)  j^O   •     Thus     ft    K[s]  ~>K[s?]     is  a  monomorphism  and 
hence  also  an  isomorphism,  i.e„,     s*     is  a  generic  specialization  of     s, 
Theorem  ljju     Let     G    be  an  algebraic  group  of  automorphisms  of  the 
!T~space     U,     s     a  generalised  point  of    G*     Then    dimK(s)  <    dim,,(G)   „ 
If     G    is  irreducible,  then  equality  holds  if  and  only  if     s     is"  a 
generic  point  of     G. 
Proof  t  Let     Gn     be  the  component  of  the  identity  of    G     and  let 

■ X 

n 
e-^,  ...,  e   be  elements  of  G  such  that  G  =  W  eJ^  *  Then  for 

•  T         |n  I  T  T. 

every  L  "^  K#  G   ■  U  e.(&,)  and     (G-.)   is  the  component  of 

i=l  1 

the  identity  of  G  «  Thus  every  generalized  point  s  has  the  form 

s  *  e^Si.  with  s,  a  generalized  point  of  G^  •  Since  the  map  p  «— ->  p.e^ 
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is  a  K-automorphism  of    P(U),  it  follows  that     K(s)  -  KCO  .     Hence 

diaiK(a>)     -    dim^s^).     Let    t     be  a  generic  point  of    G1    such  that     p(t) 

is  the  restriction  of    p     to     Oj^    for  every    p    in    P(E(V)).    Then 

K(t)     »    &(\)*     Hence    dimK(t)     «    dimK(G1)  *  dimK(s)„     Since    t     is  generic 

t  — .>  s1     and  therefore     dimK(s)     -  dim^s^)  <  difiuCt)     *    dim^G)   „ 

Now  suppose     G    is  irreducible.     Then    dim^(s)"  *  dini^t)     if  and 
only  if     s     is  a  generic  specialization  of    t.     Thus     dimK(a)  *  dim^G) 
if  and  only  if     s     is  a  generic  point  of     G. 

Theorem  16«     Let     G    be  an  algebraic  group  and     H    an  algebraic  subgroup 
of    G.     Then     dimK(H)  <  dimK(G)     and  equality  holds  if  and  only  if 
H    is  of  finite  index  in    G. 

Proof  t    Let     G-,     and     B,     be  the  components  of  the  identity  in    G     and 
H    respectively.     H  (*\    G    is  an  algebraic  group  of  finite  index  in    H 
and  hence    H  fi  ^  3    %•     A  generic  point  of     B.     is  a  generalized  point 
of     G^    and  therefore  dim  (H)  <  dim  (G)   ♦ 

If  equality  holds  then  a  generic  point  of     Hn     is  also  a  generic 
point  of     G,  ♦     Therefore     H-,    =  G-jSo  that     H  3  Gk     and  thus  is  of 
finite  index  in    G. 

Conversely,  if    H    is  of  finite  index  in    G,  then    H~     is  of  finite 
index  in    G.     Therefore     E,     ■    G,     and  thus,  dim  (H)  =  dim  (G)    . 
Theorem  17 >  If    L     is  an  extension  field  of     K    and    G    is  an  algebraic 
group  of  automorphisms  of  a  finite -dimensional     K-space,   then 
diui^G  )   ■  dim^G). 

Proof  t    We  know  that     (G-.)     ■  (G  ),   so  that  we  may  assume     G  *  G^0     Now 
R(G  )     is  generated  as  a  field  by    R(G)  Q)l*»     Hence  a  transcendency  basis  for 
R(G)     over     K    is  also  a  transcendency  basis  for    R(G  )     over     L.     Hence  the  result. 


7>  Applications  to  Lie  Algebras, 

Recall  that  if  G  is  an  algebraic  group  with  associated  ideal 
(9f  then  G*   *  C 'e    in   E  |  De(©f)  C.  Of Z  •  De  was  defined  s°  ®&* 
De(p)  =De(p)(l)o  x  is  in  G"   if  and  only  if  D^  annihilates  ©/  * 
Prop,  3o  Let  G-i  be  the  component  of  the  identity  in  G,  Then  G-j°  =-  G' 
Proof?  Clearly  G-T  C2-    G*  „     On  the  other  hand,  let  p  be  a  polynomial 
function  on  E(U)  such  that  p  is  zero  on  G-,  0     Then,  by  Theorem  6, 
there  exists  p.,   in  P(E(U))   such  that  pp-,  is  zero  on  G  and 
p-^I)  ^0  „  Now  take  e  in  G  '  .  Then  0  -  D»(ppx)  =  D»(p)p-L(l)  + 

p(l)Dl(p-»)*  Therefore  D«(p)pn(l)  =  0,  whence  D'(p)  -   0  „.  Hence 
e  X-  e    jl  e 

e  is  in  G£    and  so  G°CZ  G£  0  Thus  G£  =  G°   .      Q.E.D, 

L  L 

Theorem  18 0     Let  L  be  any  extension  field  of  K.  Then  (G  )°  =  (G*  )  • 

Proof ;  Let  Of    be  the  ideal  associated  with  G„  Then  0{       is  the 

L  L      L 

ideal  associated  with  G   and  hence  it  is  clear  that  (G*  )  ^  (G  ) *   • 

Now  take  e  in  (G  )*    and  let  (jf*)     be  a  basis  for  L  over 

K.  Write  e  =  JT  J?±e±    wi*h  e±e.  E(V).  Then  D  ^^^   « 

Then,  for  p  in  ©f-De(p)  -  ^T  X  iDe  (p)  •  0n  the  °^heT  hand, 

D  (p)  is  in  ©f   so  that  we  may  write  De(p)  =  JT  J^  ipi  with  p^ 

in  Of  .  Therefore  D  (p)  *  p.  is  in  ©f  whence  the  e.  are  in  G 

Thus  e  is  in  (Ge)L  whence  (GL)9  C  (G  *  )L  •        Q.E.D. 

Let  L  be  an  extension  field  of  K  and  let  6  be  a  K-derivation 
of  L.  If  A  is  any  K -algebra  then  6  induces  a  derivation  of 
AL  =  A®^  L  (still  denoted  by  6)  such  that  8(a(xM)  -  s  (x)6  Jf  „ 
For  every  X  in  A^  C.  (A  )   and  u  in  A  (g)  L  we  have 

X(6(u))  •  6(\(u))   . 


o 

o 
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From  now  on  we  shall  always  use  the  same  letter  for  a  derivation  of 
a  field  L  and  for  the  corresponding  derivation  of  A   where  A  is 
any  algebra  over  K. 

Theorem  19 •     Let  G  be  an  algebraic  group  of  automorphisms  of  the 
K-space  U  and  let  L  be  an  extension  field  of  K.  Let  8  be  any 
K-derivation  of  L.  If  s  is  any  element  of  G  ,  then  s  S(s)  is 
in  (G*  )  .  Furthermore,  if  G  is  irreducible  and  if  s  is  a  generic 
point  of  G,  then,  for  every  x  in  (G*  )  ,  there  exists  one  and  only 
one  K-derivation  8   of  K(s)  such  that  6  (s)  *  sx  (where  6   is 

X  X  X 

used  also  to  denote  the  derivation  of  Ii     obtained  canonically  from 
the  derivation  6   of  K(ss)).  The  map  x  — « »>  8   is  a  K(s) -linear 

.A.  .A. 

isomorphism  of  (G*  )  ^s'  onto  the  K(s) -space  of  all  K-derivations  of 
K(s). 

Proof  t    Write  E  *  E(U)  and  take  \    in  E*  .  Then  D      (8) 

s^SCs) 

-  X(ss"*8(s))  ■  ^(6(s))  ■*  S(X(s))  .  Consider  the  maps  p  <—>«= »>  D  ,    (p)  }  s  { 


j.j  - 


and  p  — .-.>  6(p(s))  .  These  are  differentiations,  at  s,  of  P  into 

K(s)  which  are  zero  on  constants  and  which  agree  on  E  „  Hence  they 

agree  on  all  of  P.  Thus 

D  ,    (p)  5  s]   s  6(p(a))  « 
s~  S(s)_  „  ^ 

Suppose  p  is  zero  on  G.  Then  p(s)  =  0  so  that  D  -,    (p)  fs2  ■ 

s"x6(s)         C  J 

-     6(p(s))     -    0  ,  i.e.,      (D 


(p).s)    fl?«    0 
^(s)  <■  J 


i.e.,     D     t         (p.s)    £l?    «  -0 
s^BCs)  L  J 


Let  ££(    be  the  ideal  associated  with     G.     Then    Qf      is  the  ideal 

T  Ii  Xi  L 

associated  with     G     .     Since     s     is  in     G  ,  we  have     (5f       «     <9f    »s     ■ 

■    (  GK  (x)      L)#s  =  (    ©f  •  s)      .     Hence,  by  L-linearity,  the  above  gives 
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D"     ,         (q)     =    0     for  all     q     in     QfL  .     Therefore     s^fs)     is  in 
s     6(s) 


(GL)*        =    (G*    )L 


o 


Now  suppose  that     G     is  irreducible  and  that     s     is  a  generic  point 

of     G.     For     e     in     G°9     D       induces  a  derivations       of     P(G)  0     Since 

e  e 

the  map     p  ~>  p(s)     is  an  isomorphism  of     P(G)     onto     K[s]5  we  may 

define  a  derivation     6       of     K[s]     such  that     6   (p(s) )   -     d  (p)     £  s2 

This     6       extends  uniquely  to  a  derivation  (still  denoted  by     6  )     of 
6  .  e 

K(s)c     This   gives  a  K-linear  map     e  — >  5     of     G         into  the  derivation 

algebra  of    K(s)     over     Ka     The  map     e  -— >  6       clearly  extends  to  a 

K(s)-linear  map  of     (G*     )  into  the  derivation  algebra  of     K(s). 

If     X    is     E*    and     e     is  in     G*       $  we  have     D  (A)    §sl      ~    X(se) 

so  that     8   (X(s))   «*    X(se)0     By  linearity  ,  this  gives  that     6  (X(s))     « 
e  s 

=*  X(sx)     for  all     x     in     (G*     )  „     But     X     commutes  with     6     9  i»e., 

X(5  (s))   =     x(sx)     for  all     x     in     (G*   )K^    .      Hence     6(s)     -    A(sx)      , 

X  S 

Conversely,    if     8     is  any  K-derivation  of     K(s)     and     8(s)  ■  sx 
then     8(X(s))   ■  X(sx)     for  every    X    in    E"     whence     6  «  6     .     This 
completes  the  proof. 

o 

Theorem  20,  Let  G  be  an  algebraic  group.  Then  dim^G)  =  [G  j  K] 

(the  dimension  of  G°    as  a  K-space). 

Proof  t  We  may  assume  that  G  is  irreducible.  Now  LG  sr  KJ  - 

■=  [(G°  )R^G^j  R(G)]  and,  by  Theorem  19,  there  exists  an  R(G)-linear 

isomorphism  x  — >  6   of  (G  )R^G'  onto  the  R(G)-space  of  all 

i  ■* 

^-derivations  of    R(G)  .     Hence  it  suffices  to  show  that  the  dimension  of 
the     R(G) -space  of  all  K-derivations  of     R(G)     equals  the  transcendency 
degree  of    R(G)     over     K„ 
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In  order  to  do  this  we  show  first  that  if  Uc-\  >  » « • ,  -^C   are 

x*         '       n. 

K-linearly  independent  elements  of    R(G),  then   — ^?  ,    .«•,  -<p    are 
K-linearly  independent  where     p  =  1     if  the  characteristic  of     K     is 
zero  and    p  ■  characteristic  of     K     otherwise.     Let    ^    be  the  algebraic 
closure  of     K,     G      is  irreducible  and  so    R((j  )     is  a  field,    We  have 
an  isomorphic  imbedding    R(G)z'x)  K  ~->  R(0r  )    .     Now  suppose  we  have 
elements     k.     in    K,  not  all     0  ,  such  that    5~"    k.  J/ ?     =    0  „     Choose     c 

1  A  ■    '  11  1 

in    K    such  that     e|  -    k±     .     Then  £  J  |  (x) c?     -    21    (  -A  ®ci)P  =  ° 
and  thus     T"  JcaC$  Cj=  0     since  fields  have  no  nilpotent  elements.     If 
the  ^r  4     are  linearly  independent  over     K,  then  each     c.   =  0     whence 


each    k.   -  0   • 

•Lb 


Now  write     L     for     R(G)     and  let     m     be  the  dimension  of  the    L=space 
of  all     K-derivations  of    L.     m    is  finite  because     L     is  finitely 
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generated  over    K.     We  can  find  a  basis    D-,,    .,.,  D      for  the  space  of 
derivations  and  elements     u-,,   ,0O,  i^     in    L     such  that    Di(u.)     m    6..  .   0 
Pub     F  =  K(un,    „«,.,  "%)•     Then  every  derivation  of     L     that  annihilates 
F    must  be     0   0     We  claim  that     L     is  a  separable  algebraic  extension  of 
F.     We  have    L  =  F(v,,   .  00,  v  )  „     Let     k     be  the  smallest  index  such 
that     L     is  separable  algebraic  over     F(v^,    .  .<>,  v.  ).     If    k  >  0     there  are 
two  cases  *     (1)     v,      is  transcendental  over    F(vlsoo.j,v,  )     that 
annihilates     F»         (2)     v,      is  algebraic  and  inseparable  over 
F(v-j:,   . ..,  Y]r~i)    •     Then    p  /  1,  i»e.,  the  characteristic  of     K    is    p  ^  0 
and    vfe     is  not  in    F(v^,    <>o.,  \-i)HJcl0     Then  we  can  :£>ind  a  derivation 
D     of     F(vn,    .  „.,  v,)     such  that    D     annihilates     F(vp    <,..,  -v,    -, )  C'V?! 
and    D(v)     ■     1. 

Thus,  in  either  case,  there  exists  a  non-zero  derivation  of    F(v,,    „..,  v.) 
that  annihilates     F.     Since     L     is  separably  algebraic  over     F(v,,    <,<>.,  v,  )   , 
this  derivation  can  be  extended  to  a  derivation  of     Ltt     This  is  a  contra=» 
diction  and  thus  we  conclude  that     L     is  separably  algebraic  over     F. 

Now  we  shall  show  that  u-,,  ...,  u  are  algebraically  independent 
over  K«>  Suppose  this  is  false  and  let  f  be  a  non-zero  polynomial  of 
least  possible  total  degree  such  that     f(u-,    oe.,   u  )   =0   .     Then 

D.(f(tL,   <,..,  u  ))   =0  ,  i0ee,     £±(ux»    '°°»  \}     ~  °     where     fi     is  the 

th 
derivative  of  f     with  respect  to  the     i         variable.     By  the  minimality  of 

f,  this  implies  that     f .   ■  0     for  each     i.      Hence     p  /  1     and 

f (w.,  ,   0#c,  w  )   =  g(w?«    ....  w^)     where  the     w.     are  variables,   i.e., 
L7         'mxm  i 

f(Wi»    •  ••>  w  )   =  S~"      kizi     where     k.     lS  in    K»   k.  fi  0  ,  and  the     z. 

are  monomials  in    wn  ,    . . . ,  w     «,     Let     y .     be  the  monomial  in     iu,    c . . ,  u 


obtained  by  replacing  each    w.     with    u.,     in    z..#     Then    5       k^y?     ■    0  . 

By  what  we  have  shown  above,  this  implies  that  the     y.     are  linearly 

dependent  over     K     so  that  there  exist  elements     kl     in    K,  not  all     0  , 

such  that     T"       kty.     *    0   .     Then    J""klz4     is  a  non-zero  polynomial 

vanishing  at     (u-j_,    . ..,  x^).     This  contradicts  the  minimality  of     f     and 

hence  the  elements     u-j_,    . ..,  u^     are  algebraically  independent  over     K. 

Thus  the  transcendence  degree  of     L     over     K  =  m  =  dimension  of  the  space 

of     K-derivations  of    L.     This  completes  the  proof  of  Theorem  20 « 

Corollary »     Let     G    be  an  algebraic  group  and     H     an  algebraic  subgroup 

of     G.     Then     H    is  of  finite  index  in     G     if  and  only  if     G       =      H     © 

Proof  r      We  know  that     E°CZ    G9  „     By  Theorem  20,   H*  G*       if  and  only  if 

dim(H)   »  dim  (G)o     By  Theorem  16,   this  last  holds  if  and  only  if     H 

is  of  finite  index  in     G   „  Q.EJ). 

Theorem  21 •     If     A     is  an  irreducible  algebraic  group  of  automorphisms 


of  the     K-space     V     and  if     K     has  characteristic     0     then     A     =     G^ 
Proof  t     By  the  definition  of     GA<>      ,     &gC.    A.     By  the  above  Corollary, 
G*»   has  finite  index  in     A.     Since     A     is  irreducible,     G^*     =     A       0 
Theorem  22,     Let     G    be  an  algebraic  group  of  automorphisms  of  the 
K-space     V.     Then     G*       is  contained  in  the  associative  algebra    a   G  4 
generated  by  the  elements  of     G       « 


© 
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Proof  t    For  any  extension  field     L    of    K,     £gL2    s   (g£L  •     In  fact 
it  is:  clear  that    £<}lLC   ^^r      •     Take     x     in    E(V)*    and  suppose 
X(G)     =     (0).     Then     \(GL)     =     (0)      so  that     *(CgL£)     =     0.     Therefore 

Let     s     be  a  generic  point  of     G,   and  put     L  =  K(s)    .     Take     x 
in     G*     •     Then  there  exists  a  K-derivation     6       of     L     such  that 
6x(s)     *    sx  .     Since     s     is  in     £ GL^te  fG?L  ,     •  'ZUft9!    with     ~^± 
in    L     and     s±    in    £  G J      .     Then     6x(s)     =  Z  5x(^si    is  in   f G^       • 
Therefore     sx    is  in  £gvL   .     Hence     x     is  in    GL^~GL^    =   S  g2L 
Hence     G*C  <^L/0   E(v)     »     Tg2    .  Q.E.D. 

8.     Differentials  of  Rational  Representations. 

Let     G     be  an  irreducible  algebraic  group  of  automorphisms  of  the 
finite -dimensional  K-space     V     and     let      /)    be  a  rational  representation 
of     G     by  automorphisms  of  another  finite -dimensional     K-space     U.     Let 
T     be  the  subring  of    R(G)       consisting  of  all     E.    with    p,  q     in     P(G) 
and     q(l)  /    0   • 
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For  x  in  G*  ,  let  d   denote  the  corresponding  derivation  of 
R(G)  (induced  by  D  ).  If  £  is  in  T,  then  d(£)  -  i  (qd fp)-pd (q)) 
is  in  T.  Thus  cL  (T)  C  T  .  Define  d«(p)  =  d  (p)  f  l2  e  d«  is  a 

■«■  X         X      /   ^        X 

differentiation  at  I,  of  T  into  K  • 

Let  \i     be  any  element  of  E(U)"  .  Then  u-  o  jQ     is  in  T.  Consider 

the  map  |i  — ->  d^(|i  o  p  )  .  This  is  a  linear  function  on  E(U),%  and 

hence  (since  E  02  E  ;  there  exists  one  and  only  one  element,  denoted 

by  J^*{jl)   ,  in  E(U)  such  that  for  every  linear  function  [l  9 

^(->°(x))  *  d*(|i.  ©  _/))    .   The  map  yO*  i     G'  — ->  E(U)  is  linear  and  is 

called  the  differential  of -^  • 

■     n  ■  ii       ■   ■  p.  p ii  .11  ■  i 

Let  x  be  in  G*  ,  s  in  G  ,  p.  in  E(U)*  .  Then 

dx(tiv°^s3  *  (dx(p- °>))«s)(i)  I 

■  d  (({J,  oyO).s)(l)  since  d   commutes  with 
x    J  x 

right  translations 

Therefore  d  (\i  o  jQ  )     =  D  p  <*(X\M   o  ^O  .  This  extends  immediately  by 
formal  properties  to  give 

dx(q  Q^O)   -  D^(x)(q)  °>g  I 

for  every  q  in  P(E(U))  . 

Now  we  show  that  JO  *  is  a  Lie  algebra  homomorphism  of  G*    into 
E(U)  .  Take  x,  y  in  G  *   .  Then  from  our  definitions,  Cdx>dy3  ~  d[x  y]  and 
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d[       j   -  (dx  ody-dyodx)'   »  d»x  ody-  d»y  o  dx  „     Take     |i    in    E(U)*  . 
Then    n([yO«(x),^o-(y)])     -    {if/'W/'ty)  -  >>0(y)  >0°(x))     - 

*  di(D^0°(y)(^  °>°>  "dy(>-(x)W   o>°) 
=    d;(dv({i  oyO))  .  d^(dx(^  oyO) 

*  dWi^  °>°> 

*  w/>e[x,y])     . 
Hence     CyO°(x),  >>*(y)]  =  >>«[x,y]     . 

Theorem  23 *       Let     G    be  an  irreducible  algebraic  group  of  automorphisms 

of  the  finite  dimensional     K-space     V    and  let^/G  be  a  rational  representation 

of     G    by  automorphisms  of  another  finite-dimensional     K-space     U.     Let 

H    be  the  algebraic  hull  of     .^(G)o     Then     H     is  irreducible. 

Proof :       If    q     is  in     P(H)     then     q  o  _/0    is  in    T.     Now  let  d\j^  be  the 

ideal  associated  with     H.     Then     q     is  in  duP    if  and  only  if     q  o^fi  =     0  . 

Therefore  ^£^  is  a  prime  ideal  since     T     has  no  zero-divisor.     Therefore 

H     is  irreducible.  Q.E.D. 

Now  we  assert  that      ^'(G*)    O    H°     e     We  know  that     Dq  o/x\(q)   o^  - 
djfo  <>-/*)     f°r  a11     Q     in     P(H).     If     q     is  inoj^then     q  o  J°  »    0   . 
Therefore    D   /WjaOO   o^P    ~    0    whence    DyO°(x)^     is  in  °S.  •     Tlms 
D  £  .  /   \  (<r^ )  C  oCft  -.     which  proves  the  assertion. 

Theorem  2k*     Let ^/O       be  a  rational  representation  of  the  irreducible 
algebraic  group     G     of  automorphisms  of  a    K-space     V    be  automorphisms  of 
a     K-space     U.     Then  ^O   induces  a  Lie  algebra  homomorphism    ^°     of     G* 
into  the  Lie  algebra     H*     of  the  algebraic  group  hull     H     of     ^^(0)        0 
For  every    x     in     G*     and  every     q     in     P(E(U)),   d  (q  oj*)     -    ^J^9(x)^  °J&> 
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If    L     is  any  field  containing     K     then     (J3L)9     «     (P°)L.     If     R(G) 

is  separably  generated  over  the  subfield     R(H)   o     /O       then  _ /3  *(G)  =  H* 

Proof  i      There  remains  only  tc  verify  the  last  two  statements*     Take     p. 

±a.    E(U)*"'  .     Then  the  element     |i  o  JDL     of     R(GL)     is  canonical 

extension  of  the  element     [i  o    JD     of     R(G)  „     Therefore  if     x     is  in 

G*   ,  d  {[i  o^P    )     coincides  with    d  (|i  o  JO  )     on     G.     Hence 

d^(\xojDL)     ■    dx(ti  o^)L)(l)     -    dx(ii  o_/))(l)     «    d^(|io^).     Then,  by 

definition  of   ^P8     and     ( _^PL)>  n((  />  Vfc))     -    n(  jO'(x))   ,     Therefore 

(jDL)*(x)     -  J0'(x)     for     x    in     G*       .     Hence     (J>L)°     =     (P*)L       . 

Take  z  in  H*  and  consider  the  derivation  d   of  R(H),  This 

z 

carries  over  to  a  K-derivation  of    R(H)   o/Oc   R(G)  „     Since     R(G) 

is  separably  generated  over     R(H)   o  ^/O    ,   this  derivation  extends  to  a 

derivation     6     of     R(G).     Thus  there  exists  a  K-derivation     5     of 

R(G)     such  that     d(foyO)     =     d  (f)   oyO      for  every     f     in    R(H).     Let 

s     be  the   generic  point  of     G     such  that     p(s)      =  pL     for  every    p     in 

P(E(V))     where     pL     is  the  restriction  of     p     to     Go     Then,  for 

every    f     in    S(H  ),  f (_yOR^(s))  «foyO    [first  for     f     in    P(H) 

and  then  this  extends  to  ail     f     in    R(H)].     Extend     8„  as  usual, 

to  a  derivation  (still  denoted  by     8)     of    E(U)R^     and  take     n     in    E(U)*  . 

Then 

^(^^(s)))     -    6(p.(    ^R(G)(s)))     -    S(u-o_/))     =    dz(ji|H)   oJD 

=     d  Oi|H)(/)R<G>(s))     ~    n(y3R(G)(s)z)    . 


Therefore 

(«) 


6(J°R(G)(s))       =     ^0R(G)(s)Z 
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On  the  other  hand,  put  t  =  s~  6(s)„  By  Theorem  19 »  t  is  in 

(G*)  ^  '  »■  G*©K  R^G)  *  By  the  first  part  of  our  theorem>  applied  to 
_/>R<G>,  d.C^o^O^))  -  D    ....     (,)cDR<G>  .  Hence 


&t(p.ojORW)(s)     *  D    E(G)  #   (M.)(jOR(G)(sO)  -  n(J3B(0)(8)(J)R(0))«(t)) 

(J*       )*(*b) 

From  before,  we  know  that 

dt(no^R(G))(s)  ~  Vl8(s)^°J°H(G)^s)  -  S(txo>)R(G)(s-,)) 

-  H(6(  /DR(G)(s))   . 
Therefore  ^R(G)(s)(_^R(G))*(t)  -  5(  J>R(G)(s))  e  Hence,  by  (•)   , 

J>R(G>(s)z  =  jOR^G)(s)(_/)R^)«(t)   and  so  (  jOR^)»(t)  =  z,  i.e., 

( JO  *)R(G)(t)  =  z    . 

n 


Now  t  «*  y"  _^ .  x.  where   ^-, ,  . . . ,  ^f       are  K~linearly  independent 
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elements  of  R(G),  J?-,      =  1  and  the  x,  s.  G°   .  Then  T*  _/.  _>£*(x.)  -  z, 
so  that  ^0*(x^)  -  z  and   ^/^(x.)  =  0  for  i  >  1  *  Therefore  a  is 
in   _/T(G0)  .  Thus   J3*(G°)   *   H*    0  Q.E.D. 

Theorem  21?  «  Let  G  be  an  irreducible  algebraic  group  of  automorphisms 

of  a  K-space  V  where  K  has  characteristic  0  «,  Let  mifi    be  a  rational 

representation  of  G  and  let  t  be  an  auxilliary  variable.  Then 

_^K<b>  exp(tx)  =  ext  (t^Oc(x)) 

Proofs     Let     8     be  the  derivation  with  respect  to     t     in  the  power  series 
field     K<fc>    and  also  write     5     fpr  the  corresponding  derivation  of    E 

it. 

Then     5(exp  tx)      *     exp   (tx)x  .     Now  for     X     in    E(V)A   ,  we  have 
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X(exp(tx)x)  *  D  (X)(exp  tx) 


8(X(exp(tx)))  -  X6(exp(tx)) 
i.e. 9     5(X(exp(tx)))  ■  Dv(X)(exp(tx))»  This  extends  immediately  to 


x 


give  5(f(exp(tx)5)  ■*  d  (f)(exp(tx))  for  every  f  in  R(G)   such  that 


In  particular,  take  f  =  \±   o  _/3 
with  [i     in  E(U)W  where  U  is  the  K-space  such  that  ^yO  (G)  C  E(U)  • 


f  is  defined  at  every  point  of  G 


Then 


Ji(6(^0(exp(tx))»  -  5((u.  oy3)(exp(tx))) 

■*  ^x(|j,  o^yO)(exp(tx)) 
=  ^-(x)^)^/5  (exp(tx))) 

=  ti(jO(exp(tx)jO*(x)))  o 
Therefore  (*)      6( JO  (exp(tx)))     =yO  (exp(tx))  /CT(x) 


This  shows  that  jO  (exp(tx))  is  in  E(U) 


K 


*i 


where  K 


is  the  ring 


of  inte gral  power  series  in  t  .  Let  a  be  the  "constant  term"  of 

/)(exp(tx))  in  E(U).  Then  the  above  differential  equation  (*)  gives 


K<t>> 


^/>(exp(tx))     =     exp(t  yOe(x))a   .     There  exist     p,   q     in    P(G)  CP(G         ) 


K<t>% 


such  that     q(l)  /  0     and     q(X  o _j0  )   =  p 


Hence 


q(exp(tx))X( jO(exp(tx)))   =  p(exp(tx)) 

From  this  we  see  that     X(a)   =  kjO  (i)     for  all     k     in    E     .     Hence     a  - 
=  -/)(l).     Thus        ^(exp(tx))     -     exp(t^  a(x))      .  Q-.E.D. 

Theorem  26.       Let     M    be  a  representation  space  for  a  rational  representation 
of  an  algebraic   group     G.     Then  every     G-stable  subspace  of    M     is  also 
G- -stable.      If  the  base  field  has   characteristic     0     and  if     G     is 
irreducible,  then  every     G* -stable  subspace  of    M     is  also     G-stable, 
Proof:     Let    jQ    be  the   given  rational  representation  of     G,   and  let     H 


/ 
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be  the  algebraic  group  hull  of  _yO(G).  Since  the  group  of  all  auto- 
morphisms of  M  that  maps  a  subspace  N  into  itself  is  an  algebraic 
group,  it  follows  that  a  subspace  of  M  is  jO(G) -stable  if  and  only 
if  it  is  H-stable.  We  know  that  H*  is  conatined  in  the  associative 
algebra  generated  by  the  elements  of  H  0  Therefore  every  G-stable 
subspace  of  M  is  also  H°-stable.  Now  _^0°(G8)C.H°  so  the  first 
part  of  the  theorem  is  proved. 

Now  suppose  that  G  is  irreducible  and  that  the  base  field  has 
characteristic  0  .  Let  N  be  a  subspace  of  M  that  is  stable  under 
^/>*((j*)    •  Let  K<b>  be  the  field  of  power  series  in  the  variable  t  . 
Then  exp(tjO*(x))(N)  c_  NK<t>  for  every  x  in  G*   •  But>  by  Theorem 
2£,  exp  (t  /0*(x))  =   iOexp(tx)  so  that   P  (exp(tx))  (N)  C  NK<b> 
for  all  x  in  G. 

Let  G   be  the  smallest  algebraic  group  whose  Lie  algebra  contains 
x.  From  our  discussion  of  G   (see  the  proof  of  Theorem  1),  we  know 

X 

that     exp(tx)     is   a  generic  point   of     G     „     It  follows  that       /0(s)(N)d.     N 
for  every  s     in     G„.     Thus  _>0(G)(N)  CZ.  N  „     But     G     is  the  smallest 
algebraic   group  containing  all  of  the     G       with     x     in     G*      .     Hence 
_y£(G)(N)    C    N   o  Q.EoD0 

9«     Characterisation  of  the  Differentials 
of  Rational  Representation,,. 

Theorem  27  •     Let     G     be  an  algebraic  group  of  automorphisms  of  a  K-space 

V.     Let       /0  be  a  rational  representation  of     G     and  let     d     be  the 

determinant  function  on     G.     Then  the   representative  functions  associated 

with      O    belong  to  P[-r]      ,  where     P     is  the  algebra  of  all  polynomial 

functions  on     G. 
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T  T 

Proof:     Let     L     be  the  algebraic  closure  of     K     and  consider     G       and    _fi     . 
This  shows  that  without  loss  of  generality,  we  may  assume  that     K    is 
algebraically  closed.     Let     f     be  a  representative  function  associated 
with   _jP  .      If     p     and     q     are  elements   of     P(E(V)),  we  denote  by    p     } 
q     their  restrictions  to     G.     Let    C9i     be  the  ideal  associated  with     G. 
We   shall   say  that     q       is  a  denominator  of     f     if     qf  =     p   .     Let     G\^/ 
denote  the  ideal  generated  by    ^f    and  all   of  the  denominators  of     f. 
Let     D     be  the  determinant  function  on     E(V)     so  that     F    «    d  .     Since 
G«     ■     G,   there  exists,   for  every     x     in     G,   elements     p,   q     in     P(E(V)) 
such  that     q(x)   /  0     and     qf=  p   .     Thus  it  follows  that  while  a  zero  of 
^\n/   is  also  a  zero  of    Qi    it  is  not  a  point  of     G.     Hence  every  zero 
of  &\£j  is  a  zero  of     D.     Therefore  it  follows  from  the  Hilbert  Nullstellen- 
satz  that  there  exists  a  non-negative  integer     n     such  that     D       is  in 
£^>    t     Thus 

Dn    "   P^  +  ...  pkqk    +   P 

where  p  is  in   (3f  9   the  q.  are  denominators  of  f  and  p.  are  in 
P(E(V)).  Take  residue  classes  mod  ©f  .  Then  we  get  dn  =  p-jjq-^  +  . ..  +  p,q"k 
hence  d3^  -  PiCq^)  +  ...  +  Pk^kf)  is  in  P(G)  .         Q.E.D. 
Let  d  be  the  determinant  function  on  E(V)  and  let  or  denote 
the  trace  function  on  E(V).  Then  for  every  e  in  E(V),  De(d)  ■ 
»  a-(e)d  .  To  prove  this  note  that  for  x  in  E(V) ,  De(d)(x)  = 
~  (De(d).x)(l)  -  De(d.x)(l)  =  De(d(x)d)(l)  =  (De(d))(l)d(x).  Thus 
D  (d)  a-  (D  (d)(I))d  .  Write  d  =  f{\,„.9\   )    where  the  \±     are  in 
E(V)*  and  f  is  a  polynomial.  Then  De(d)  *V  fi(Xl>  •  "  >  \^ e^X±^ 

+  Vi 

where  f^   is  the  derivative  of  f  with  respect  to  the  i   variable. 


' 
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Dg(d)(I)  -  £~  fi(X1(l),  ,...,  Xp.1(l))Xi(e)  .  .  Now  let  t  be  an  auxilliary 

variable.  d(I  +  te)  =1  +  ta{e)  +  t  (...)  .  Hence  the  coefficient  of 
t  in  f(X,(I)  +■  tXne,  ...,  X  (I)  +-  tX  (e))  is  a(e),  i.e., 

MM1)*  ...,  X  ri))X.(e)  -  D  (d)(1).  Therefore  D  (d)(1)  =  cr(e) 

so  that  D  (d)  =  o(e)d  , 

Let  G  be  an  algebraic  group  and  let  R  be  the  algebra  of  all 
representative  functions  on  the  universal  enveloping  algebra  U  of  G*   . 
Consider  the  homomorphismg  P(E(V))  ~— >  R  corresponding  canonically 
to  the  identity  representation  of  G*  (see  Section  2,  p.  k3)   and  denote 
this  homomorphism  by  p  ■■■■>■  p*  .  We  know  that  this  is  a  G° -homomorphism, 
i.e.,  for  every  x  in  G%  (D  (p))!   -  x«pl  and  p'(l)  -  p(l)  *  In 


particular,  d'(l)  -  1.  Now  let  x-,5  . ..,  x:   be  elements  of  G°    • 

Then  d«(x1...xn)  =  ((x1...xn).d»)(l)  =  (D  ...D  (d))t(l)  « 

^L    n 

-  (D^  ..J)x.  (d))(I*  -  o(x1)...o<xn)d(I)  =  a(x1)..0o-(xn)  . 
±  n 

d«  may  also  be  obtained  as  follows:  Consider  the  linear  map?  G*  — >   K 

which  sends  each  element  of  G*   onto  its  trace.  This  map  can  be  extended 

uniquely  to  a  unitary  algebra  homomorphisms  of  T(G')  into  K  where 

T(G*)  is  the  tensor  algebra  built  over  G*  .  It  is  seen  immediately  that 

this  r.iap  annihilates  the  ideal  J  generated  by  all  elements  of  the  form 

x(*)Y   -  y  ®  x  "  tx*  y]  with  x,  y  in  G*  and  therefore,  this  map 

induces  a  unitary  homomorphism  of  U  into  Ke  This  last  map  evidently 

coincides  with  the  function  d1  defined  above.  Similarly  there  exists 

a  unitary  algebra  homomorphism:  T(G')  >  K  sending  each  x  in  G* 

onto  -o"(x)  .  This  induces  a  homomorphism  z  ,  of  U  into  K  such 

that  z(l)  -  1,  ztx^.x^)  =  (-l)mo(x-L).,<>a(xm)  .  Now,  recalling  that 
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d»z     -    d'^z     (diagonal  map),  we  see  that     d'z     is  the   constant     1. 
Now,  for     x     in     G%  x.z  =  -a(x)z  =  z.x  .     Thus  the  translates  of     z 
span  a  one -dimensional  space  and  hence,     z     is  a  representative  function 
on     U. 

Theorem  28 .     Let     G     be  an  irreducible  group  of  automorphisms  of  the 
finite-dimensional  K-space  V0     Let     G*     be  the  Lie  algebra  of     G 
and  let     S     be  the   subalgebra  of     R     (the  representative   functions  on 
U(G*))    generated  by  the   constants  and  the  representative  functions   asso- 
ciated with  the  identity  representation  of     G*   •     Let     $    be  a  representation 
of     G*   •     Then     <f>     is  the  differential   ^/O*     of  a  rational  representation 

^jOol     G     if  and  only  if     R(^)  CZ.  S[z]     where     R(^)     is  the  space  of 
representative  functions   asseciated    with         ^  „ 

Proof  t    Assume  first  that     ^  -  _yO  *        .     Let    Mv    be  the  representation 
space  of     fi  9  put     Ey     =     E(M/)     and  choose     f     in    E "#  0     Consider  the 
function  f  o  _^0   in     R(G)    .     By  Theorem  27  there  exists  an  integer 
k  >  0     and     p     in     P(E(V  ))     such  that     (d|Q)k(f  oyO)     =     p|Q  e     Now  let 
x-, ,    . ..,  x       be  a  basis  for     G*     over  the  basis   field     K.     Let     F  ■ 
■»  K  <*-,,   . ..,  t  >    be  the  field  of  quotients  of  the  ring  of  integral 
power  series  in  the  variables     t-,,    . «,.,  t     .     Extending     d,  f,  mtf*    and 
lly,  we  see  that     (cLF)   (f  o y*>    )     •    p|   _     because     G     is  a 


p     canonica 


unicity  set  in     G       » 


Gx 


From  the  proof  of  Theorem  1,  we  know  that  exp(t-x^)  belongs  to 
Gp^i3*  <C  GF  .  It  follows  that  exp(t-,x-,  )...exp(t  x  )  is  in  G 
Further  ,  ^0F(exp(t1x1).  ..exp(tnxn))  =  exp(t-L-yO°(x1)...exp(tn->P*(xn))  = 

-  exp(t-L^(x1))...exp(tn/(xn))o  Therefore 
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,k 


(*)       d  (exp(t1xL)..0exp(tnxn))f(exp(t1/(x1))eo(,exp(tn^(xn)))   - 

=     p(exp(t1^(3cL))...exp(tn^(x^))) 

From  now  on,   let     4     stand  for  the  canonical  extension  of     </>     to     U< 


Then 


f(exp(t1^(x1))e.6exp(tn^(xn))  =  expCt^     ^.^exp^D^^  })  (f  )(/(l)) 

El  cl  cn  cl  cn 

\\  V..  cn!     D/  (x^*^  (Xn)U)W(D)ti  •••  tnn 


■  E 


cl  cm   .cl 


el*    •••  cn° 


(f  o  s^)(^i     «••  xn  )  \     "*  ^ 


Similarly, 

p(exp(t1x1)...exp(tnxn))     = 


c.      c- 


1 t,   "1  nu"l  ,^n 

Nl     ...    C    I       P    lXl       "C    Xn    ^1       *••    *!! 


where     p1     is  the  element  of    R     corresponding  to     p     via  the  identity 
representation. 


,k 


■  Z 


(d  )«(exp(t1x1)...exp(tnxn)) 

77TT    (d  )'(*l    —  xn}ti  •"  \ 


eTj 


Consider  the  map  R  — - >  K  <  t-,,  •  «,..,  t  >  which  sends  r  into 

E-  y r  r(*i   •••  xM  )  t-,   ...  t     ,  This  is  easily  seen  to 
c-i  i  e » «  c  A    J-       n    x      n 


be  a  K-algebra  monomorphism  and  hence,  (by  comparing  coefficients)  we 
see  that  (d1)  (f  o  /)  =  p»  .  Multiplying  this  by  z   we  obtain 
f  o  4    »  z.  p1  which  is  in  S[sJ.  This  proves  the  necessity  of  our 


condition. 
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Now  suppose  that     &{ft)  CL  S[z]    „     The  group     G     operates  on     P(E(V)) 
by  left  translation  and  leaves  fixed  the  ideal ,    ©f  ,     associated  with 
G.  (3{  is  the  kernel  of  the  homomorphism    p  =— =>    p»     and  therefore  we 
get  an  induced  G-module  structure  on     S  =  Im(p  —~>  p«  )^'P(E(V)  )/(3f  £^ 
P(G). 

The  G-operations  on     S     commute  with  the  right  translations  by 
the  elements  of     G°     and  are  also  algebra  automorphisms.     Further,   these 
G-operations  extend  uniquely  to  the  field  of  quotients  of     S.     Now 
x.d  ■  d(x)d     for  all     x    in     G    and  therefore     x(d«)  =*  d(x)d8     since 
the  map  p  — — >  p'     is  an  operator  homomorphism.     Alsos 

1  =  x(l)     =     x(zd«)     =    x(z)x(d«)   =  x(z)d(x)d« 
Therefore     x(z)     =.    d(x)°°  z     and  hence     S[z]     is  G=stable0 

Now     R($     is  stable  under  left  translations  by  elements  of     G° 
and  therefore  it  follox^rs  from  Lemma  2  that     R(/rf)     is     G-stable.     Thus 
we  have  a  representation     f     of     G     on    R(^)     which  commutes  with  the 
right  G°-translations.     The  representative  functions  associated  with 
ijj       are  the  linear  combinations  of  the  maps     x  -=->  x(f)(u)     where     f 
ranges  over     R(fi     and     u     ranges  over     U(G°)    .     Now     x(f)(u)     * 
=     (x(f).u)(l)     =•     (x(f0u))(l)     and     f.u     is  in    R(/rf).     Hence  the  representative 
functions  associated  with     $     are  the  maps     x  -— >  x(f)(l)    0     These  are 
precisely  the  elements  of     P(G)[-r]     corresponding  to  the  elements  of 

R(G)     under  our  isomorphism     P(G)[j]  ££  s^     induced  by  the  map     p >  p» 

where     i  — — >  z   .     Thus  the  representative  functions  associated  with 
I     are  rational   functions  on     G,   i.e.,     Tjr     is  a  rational  representation 
of     G  o 
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Extend     f    to  a  rational  representation  of     GK<t>    in    R(^)(*)KK<b>,  still 
denoted  by    if  .     For     x    in    G*  ,     $(exp  tx)     =     expCtl^x))      0     On"  the  other  hand, 
the  operation  with     exp  tx    on    R(*0®K  K<b>     is  exp   (tTx)     where     T-x    is  left 
translation  by    x    on    R(/zO,     In  fact,   it  follows  from  the  definition  of  the  action 
of     f    that     f(exp(tx))(p»)     •    exp(tx)op)1     for  all     p     in    P(E(V))[jj]     where 
(j)1     s     z   •     Hence 

1l(exp(tx))(P0     =*     (exp(tD  )('P))*     -    exp(txx)(p«)      . 

Let     D     be  the  subspace  of     RW®^^     consisting  of     all     ]T  ri®  mi     such  that 
JZ  ri#u(2)  "M.     "    2Z  ri®  u#mi     ^or  a11     u     ^n     U0     Since  the  G-operations  on    R(/) 
commute  with  the  right  translations  by  elements  of     U,   it  is  clear  that     D     is  stable 
under     (^J®  1)(G).     Regard     R(^)®  Mv    as  a  U-module  such  that  for     x    in     G*  , 
x*(r(x)m)     =     (x«r)  (X)  m     for  all     r     in    R(/^)^  m     in    Mj  e     Then    D     is  evidently  a 
U-submodule  of     R(^)(x)  M  /     and  the     U-module  structure  of    D     coincides  with  the 
U-module   structure  derived  from  the  differential  of  our  representation  of     G     on    D, 
because     TJJ* (x)     »    t      for  every    x    in    G°     c     Now  we  claim  that  the     U-module    D 
is  isomorphic  with  the     U-moduie     My     a     Define  the  homomorphism     a:    D  —- >     Mv     so 
that 

a<  Hri®  m±)  s  Eri  ^1)mi  • 

i  i 

Take     u     in     U.     Then 

a(    £  (u.r±)  ®  m±)     =    J>T  ri^u)mi     =    XI(ri'u^]L^ini    * 


-    JZ  r±(l)  (u9m±)     =     *•<*(  £  p±(x)  *!> 

Thus     a     is  a     U-homomorphism.     Now  suppose  that     Vj  r.£(l)m.     =     0  «>     Then 

i 
also     ]T[r.(l)u.m.      =     0     for  every     u     in     U,   i.e.,     JT  (ri.u)(l)mi     =     0 
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f or  every    u    in    U,     i.e.,     Jl  ri(u)mi     =    °     for  every    u    in    U*    We  may  assume 
that  the    m^     are    K -linearly  independent  whence     r^     =    0     and  therefore 
y"  r^^^  mj_     =    0  •     Therefore     a     is  a  raonomorphism. 

Let     m^,    ...,  m       be  a  basis  for     M/     and     X^    . ..,  X       a  dual  basis  for     M*5     . 
Define     X.j/m    in    R(/rf)     by     (Xi/m)(u)     -    Xi(um)0    We  claim  that 
J2  (Xi/m)@mi    is  in    D.     In  fact,  write     u.m.     =    5~f.k(u)m.      <,     Then 
(X.    o  ^(u))(m.)     m    X. (u.m.)     *    f..(u)     and  hence     X.   o  ^(u)     = 

1    jL^kiM^k  •     Therefore    JT    0^/m)  *u@  n^    =    ZI  %(u)Xk®  mi      = 

i,k 

=    ZI  ^k®  ST  ^ki^^1"!     =    X-  \®  Uomk     for  every    u    in    u°     Thus 
k  l  k 

^      (X./m)  ®  m^     is  in    D     for  every    m    in    My  „     Now    a(  £  (X^/m)@  m^)     ■ 
=    5T  (X./m)(l)m.     ■    £  X.(m)mi     =    m  •     Hence     a     is  an  epimorphism* 

We  have  shown  that     a     is  a  U-isomorphism  of    D     onto    My  „     Thus  our  rational 
representation  of    G    on    D     is  transported  by    a     into  a  rational  representation    yO 
of     G     on     M/    and  evidently    yO  °     =     /  • 

Q.E.D„ 


University  of 
Connecticut 

Libraries 


39153027095878 


3UNO, 


UM 


